COHOMOLOGICAL EQUATION AND COCYCLE 
RIGIDITY OF PARABOLIC ACTIONS IN SL{n,R) 



ZHENQI JENNY WANG 

Abstract. For any unitary representation (tt, 'H) of G = SL{n, R), n > 
3 without non-trivial G-invariant vectors, we study smootli solutions of 
the cohomological equation uf = g where u is a vector in the root space 
of s((n, R) and g is a, given vector in H. We characterize the obstructions 
to solving the cohomological equation, construct smooth solutions of the 
cohomological equation and obtain tame Sobolev estimates for /. 

We also study common solutions to (the infinitesimal version of) the 
cocycle equation uh = Vg, where u and D are commutative vectors in 
different root spaces of sl(n, R) and g and h are given vectors in H. 
We give precisely the condition under which the cocycle equation has 
common solutions: (*) if u and D embed in s[(2, R) x R, then the common 
solution exists. Otherwise, we show counter examples in each SL(n, R), 
n > 3. As an application, we obtain smooth cocycle rigidity for higher 
rank parabolic actions over SL{n, R)/r, n > 4 if the Lie algebra of the 
acting parabolic subgroup contains a pair u and satisfying property 
(*) and prove that the cocycle rigidity fails otherwise. Especially, the 
cocycle rigidity always fails for 5'L(3,R). 

The main new ingredient in the proof is making use of unitary duals of 
various subgroup in SL{n, R) isomorphic to SL{2, R) ix R^ or {SL{2, R) K 
R^) K R^ obtained by Mackey theory. 



1. Introduction 

1.1. Various algebraic actions. We define x M^, k + £ > 1 algebraic 
actions as follows. Let G be a connected Lie group, A C G a closed abelian 
subgroup which is isomorphic to Z'^ x R^, Ma compact subgroup of the 
centralizer Z{A) of A, and T a cocompact torsion free lattice in G. Then 
A acts by left translation on the compact space A4 = M\G/T. The three 
specific types of examples discussed below correspond to: 

• for the symmetric space examples take G a semisimple Lie group 
of the non-compact type and A a subgroup of a maximal M-split 
Cartan subgroup in G 

• for the twisted symmetric space examples take G = H Kp or 
G = H Kp N, a semidirect product of a reductive Lie group H with 
semisimple factor of the non-compact type with M™' or a simply 
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connected nilpotent group A^. In this case, ^ is a subgroup of a 
maximal M-split Cartan subgroup in H 

• for the parabohc action examples, take G a semisimple Lie group 
of the non-compact type and A a subgroup of a maximal abelian 
unipotent subgroup in G 

In the past two decades various rigidity phenomena for (partially) hyperbolic 
actions have been well understood. Significant progresses have been made 
in the case of cocycle rigidity of (partially) hyperbolic algebraic actions 
(see [3] , [12] , [l3] , [11] and [15| ) for symmetric and twisted symmetric space 
examples. This is in contrast to the rank-one situation, where Livsic showed 
that there is an infinite-dimensional space of obstructions to solving the 
cohomology equation for a hyperbolic action by M or Z. In the higher rank 
cases, it was showed in above mentioned papers that smooth cocycles over 
algebraic Anosov (partially hyperbolic) abelian actions are cohomologically 
constant via smooth transfer functions. The key ingredient in proofs of [13j . 
|14j and [15] is the exponential decay of matrix coefficients for the split 
Cartan action and the main observation in |3], |12] is the exponential decay 
rate along stable and unstable foliations of periodic cycle functionals. For 
all these results, the stable and unstable foliations of the space play a central 
role. 

The classical horocycle flow is the flow on PSL{2, M) /T given by left trans- 



Horocycle flow, or more generally algebraic parabolic action, possesses very 
different dynamical behavior with complete absence of hyperbolicity. In con- 
trast to the hyperbolic cases mentioned above, for parabolic actions most 
orbits grow "polynomially" and matrix coefficients decay "polynomially" . 
To handle this problem, G. Flaminio and L. Forni used representation the- 
ory as an essential tool in |5] to study the cohomological equation. They 
characterized the obstructions to solving the cohomological equation for clas- 
sical horocycle flows on quotients of PSL{2,M) and showed that the space 
of obstructions to the equation Ug = f (where /, g are in a unitary rep- 
resentation space of PS'L(2,M) with a spectral gap) is of infinite countable 
dimension; and if / is a smooth vector, then g is a. smooth vector. (In fact, 
G. Flaminio and L. Forni showed that there is finite loss of regularity (of 
Sobolev norms) between / and g.) 

The approach of [5] was further employed in |16j . |17j and |29j to obtain 
smooth cocycle rigidity for some models of higher rank parabolic actions. 
In and ^17j Mieczkowski considered actions by subgroup 
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and by subgroup 




on SL{2,R) X 5'L(2,M)/r. 



Again, the solutions to the cocycle equation come with some loss of Sobolev 
order. In [29j Ramirez replaced SL(2,R) x SL{2,M.) with any noncompact 
simple Lie group with finite center. But this comes with a price: smooth- 
ness of transfer functions follows from the general elliptic PDE result ^14j . 
which means that the solution of the cohomological equation loses at least 
half of regularity. Along lines similar to the proof given in [5], the results 
of Mieczkowski and Ramirez are achieved in every non-trivial irreducible 
component of unitary representation of SL(2,M) x SL{2,M.) and SL{2,C). 

The natural difficulty in studying cohomological equations and obtaining 
cocycle rigidity in higher rank simple (semisimple) Lie groups is related to 
the complexity of the representation theory tool. In particular, in above 
mentioned cases, the solution to the cohomological equation was established 
when representations of the group satisfy some special properties (there ex- 
ists an orthogonal basis in each non-trivial irreducible component of SL{2, M) 
or S'L(2,M) X 5L(2,M)), or when the unitary dual of the group is not hard 
to deal with (for the case of SL(2,C)). In general, the unitary dual of 
many higher rank almost-simple algebraic groups is not completely classi- 
fied. Even when the classification is known, it is too complicated to apply. 
For example, the method of [5j fails when the group is SL{3, M) even though 
the unitary dual of S'L(3,M) is available from the literature [30j . 

In this paper we characterize the obstructions to solving the cohomologi- 
cal equation, construct smooth solutions of the cohomological equation and 
obtain tame Sobolev estimates for the solution, i.e, there is finite loss of 
regularity (with respect to Sobolev norms) between the coboundary and the 
solution. We also give a precise description of the condition under which 
the cocycle equation has common solutions. As an application, we prove 
the smooth cocycle rigidity for higher rank parabolic actions over SL(n,M), 
n > 4. To prove these results we introduce new ingredients in application 
of representation theory to higher rank simple Lie groups: studying unitary 
dual of subgroups SL{2, M) xM^ and (5L(2, M) xM^) ^^.(n, M) instead 

of that of SL(n, M) itself. We use Mackey theory to study these representa- 
tions and carry out explicit calculations in each irreducible component that 
may appear in restricted non-trivial representation of SL{n,M.). The global 
property of the solution comes from the fact that there are enough many 
semidirect product groups containing the one-parameter root subgroup that 
determines the cohomological equation. These results are of independent 
interest and have wide applicability. 

Though it is the first time that the semidirect product group plays central 
role in studying cohomological equations and rigidity phenomena in dynam- 
ical systems, it has many important applications in other area of mathe- 
matics. The pair S'L(2,]R) x has relative Kazhdan's property (T). One 
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of the first application of this property was the resolution of the Ruziewicz 
problem for M"' when n > 3 which is due to G. A. Margulis (see j22j)- R- 
Howe on the other hand used the property (T) of the pair SL{2,M.) k 
to show the Kazhdan's property (T) of SL(n,M), n > 3 (see [10]). The 
semidirect products play also an important role in the paper of Hee oh [7] 
where she gave an explicit calculation of Kazhdan's constants and obtained 
sharper upperbound for matrix coefficients. 



2. Background, definition, and statement of results 

2.1. Preliminaries on cocycles. Let a : ^ x — >• be an action of a 
topological group A on a (compact) manifold M by diffeomorphisms. For 
a topological group Y a valued cocycle (or an one-cocyde) over a is a 
continuous function (3 : A x M ^ Y satisfying: 

(2.1) f3{ab, x) = f3{a, a{b, x))(3{h, x) 

for any a^h & A. A homomorphism s : A ^Y satisfies the cocycle identity 
by setting s(a, x) = s(a), and is called a constant cocycle. A cocycle is 
cohomologous to a constant cocycle if there exists a homomorphism s : A — )• 
Y and a continuous transfer map H : Ai ^Y such that for all a S ^ 



(2.2) /3(a, x) = H{a{a, x))s{a)H{x 



,-1 



(j2.2p is called the cohomology equation. 

In particular, a cocycle is a cohoundary if it is cohomologous to the trivial 
cocycle 7r(a) = idy, a € ^, i.e. if for all a G ^ the following equation holds: 

(2.3) P{a,x) = H{a{a,x))H{x)-^. 

For more detailed information on cocycles adapted to the present setting see 
[3] and tilj. 

This paper will be only concerned with smooth C^-valued cocycles over 
algebraic parabolic actions on smooth manifolds. By taking component 
functions we may always assume that (3 is valued on C. Further, by taking 
real and imaginary parts, we can extend the results for real valued cocycles as 
well. Specifically, ^ is a subgroup of a maximal abelian unipotent subgroup 
in G = S'L(n,M), n > 3 and the space X = G/T, where F C G is a torsion 
free lattice. A cocycle is called smooth if the map /? : A — t- C°°{L'^{G /T)) 
is smooth. We can also define (3 to be of class C. We also note that if the 
cocycle (3 is cohomologous to a constant cocycle, then the constant cocycle 
is given by s(a) = Jqj^ I3{a,x)dx. 

For a cocycle /?, we can define the infinitesimal generator of the cocycle 
/3by 



w(i^) = ^f3{expti^] 



t=o 
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The cocycle identity and abelianess of A imply that a; is a closed 1-form on 
the 74-orbits in X. We can also recover f3 from u by 



/3(expX) = / uj{X) ■ exptXdt 
Jo 



Thus, we can restrict our attention to infinitesimal version of the cohomol- 
ogy equation uj = ij — dH, where rj is another infinitesimal generator of a 
smooth cocycle and H is the transfer function. Therefore a cocycle /3 is 
cohomologically trivial if the associated 1-form cj is exact and the problem 
of finding which cocycle is cohomologically trivial boils down to the problem 
of determing which closed 1-form on the orbit foliation is exact. In fact, this 
point of view is the most useful for our purposes. 

In what follows, C will denote any constant that depends only on the 
given group G. Cx,y,z,— will denote any constant that in addition to the 
above depends also on parameters x,y,z, - ■ ■ . 

2.2. Statement of the results. Ins[(n, M), let Uij, i j he the elementary 
n X n matrix with only one nonzero entry equal to one, namely, that in the 
row i and the column j and let Uij be the one-parameter subgroup generated 
by Uij. For 1 < i / j < n, set 

Eij = {uk/ ■■ Uk/ / Uij, [uk,£, Uij] = and [ufc,^, Uj^i] / 0} and 
Eij = {uk/ ■■ [uk/, Uij] = and [ufe/, Uj,i] = 0}. 

In fact, Eij consists of all u^/ such that the subgroups U^/ x Uij imbed in 
subgroups of SL{n,M) isomorphic to SL{2,M) x M. 

Suppose (vr, 7i) is a unitary representation of G = S'L(n,]R), n > 4 with- 
out non-trivial G-fixed vectors. Since Uij is a closed subgroup of G, we have 
a direct integral decomposition 



71" lexp(tu, ,)= L X{t)du{x), yi / j. 

where ti is a regular Borel measure and 



Define Di j{v,u){x) '■= ll^^iixll- ^ Lebesgue measure, we just write 

Our first two results characterize the obstructions to solving the coho- 
mological equation and obtain Sobolev estimates for the solution. The next 
theorem shows that the C/jj-invariant distributions are the only obstructions 
to solving the cohomology equation for a given vector g S T-L°° . This result 
is similar to the rank one cases (see [5] and |16j). 

Theorem 2.1. For any unitary representation (vr, T-L) of G = SL{n,M), 
n > 3 without non-trivial G-fixed vectors and all g G , 
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(1) if the cohomological equation Uijf = g, has a solution / G "H, then 
f ET-L and satisfies the Sobolev estimate 

11/11. <C.||ff|U+7 Vs>0, 

(2) ifV(g) = for all Ui^j -invariant distributions, then the cohomologi- 
cal equation Uijf = g, has a solution f G 

It turns out that in higher rank cases, we have a more concrete way to 
describe the obstructions: they are exactly the spectral space of the one- 
parameter subgroup Uij at 0. Using above nations, we prove: 

Theorem 2.2. (1) u is absolutely continuous with respect to the Lebesgue 
measure dx- Then we can assume 

TT |exp(tm,,)= Lxit)dx- 

Further, for any g GTi^ 

(2) if Uk^i G then Dijiul ^g){x) is almost a continuous function 

on M, that is, there exists a continuous function v on M. such that 
^i,Mk,i9)hi) = ^(x) for almost all % G M, 

(3) if g € 'H°° and the cohomological equation Uijf = g, has a solution 
f ^H, then 

Inn AjK^5)(x) =0 

for any Uk,e G Eij, 

(4) if g & T-L°^ and there exists a pair Um,n CLnd u,mi,ni in Eij with 

Um,n e Emi,ni SUch that 

1™, A,i(u^,„5')(x) = and lim A,j(u^i,„i5')(x) = 0, 
then the cohomological equation Uijf = g, has a solution f eT-L. 

The next three theorems state precisely the conditions under which the 
(infinitesimal version of) cocycle equation has a common solution. 

Theorem 2.3. Suppose (vr, T-L) is a unitary representation of G = SL{n,M), 
n > 3 without G-fixed vectors and f,g& 'H'^ and satisfy the cocycle equation 
Uijf = Uk,tg, where [uij,Ufc^^] = 0. Then we have: 

(1) (strong cocycle rigidity) if Uij G E^^i, then the cocycle equation has 
a common solution h G 71°^ , that is, Uk/h = f and Uijh = g; and h 
satisfies the Sobolev estimate 

\\h\\s < Csmax{\\g\\s+7, ||/||s+7}, Vs > 0. 
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(2) (weak cocycle rigidity) ifuij E -E^/ CLnd there exists p G H andUm,i S 
{Ek/f]Eij) [Juk/ such that g = Um,iP, then the cocycle equation has 
a common solution h G T-L°^ , that is, Uk/h = f and Uijh = g; and h 
satisfies the Sobolev estimate 

<C,max{||5||,+7, II/IU+7}, Vs>0. 

Moreover, it turns out that for G = S'L(n,M), n > 3, the condition in 
([1]) of above theorem is in fact the sufficient and necessary condition to 
guarantee the cocycle rigidity, more precisely, there exist uncountably many 
irreducible unitary representations of G such that the cocycle rigidity fails 
if Uj J G Ek^i- 

Let P be the maximal parabolic subgroup of G which stabilizes the line 
ei = (M, 0, • • • ,0)"^ G M", where r is the transpose map. Then P has the 

form ^ where G IR"-\ a £ R\0 and A G GL{n - 1,M). For any 

t gM, Xf is the unitary character of P defined by 

(2.4) Aif" l)=e^ia)\af^' 





with £^{a) = 1 and £^ (a) = sgn(a). 

Theorem 2.4. For any t G M, in the unitary representation In(ff{Xf) S = 
lb, for each Ek/ and each Ujj G Ek/ there exist smooth vectors f, g of 
Indff{Xf) such that they satisfy the cocycle equation Uijf = Uk/g, while 
neither Uk/uj = f nor Uiju = g have a solution in the attached Hilbert space 
oflnd^ixi). 

By the theory of theta series, there exists a arithmetic lattice T such 
that for some t G M Ind^(Af) occurs as a subrepresentation of L?'{G/T). 
Moreover, every arithmetic lattice in G is commensurable with one of the 
lattices stated above^. Since all lattices in G are arithmetic [231, the earlier 
statement can be made much stronger: for any lattice F of G, there is a finite 
index subgroup Fi C F such that Indp(Af) occurs as a subrepresentation of 
L^(G/Fi). Then we have: 

Theorem 2.5. Let U C SL{n,M.), n > 3 be a rank-2 abelian subgroup 
generated by Uij and Uk/ where Uij G Ek/. Then the cocycle rigidity fails 
for the U -action on SL(n,M)/T , where T is a lattice in SL(n,M). Especially, 
since in SL{3, M) non of the higher rank unipotent subgroups can be embedded 
in 5'L(2,M) x M, the cocycle rigidity fails for any abelian parabolic actions. 

As an application of Theorem 12.31 we have 

Theorem 2.6. Let U C SL{n,M), n > 3 be a closed abelian subgroup 
generated by root subgroups. If U contains a subgroup 



^The comment was made by R. Howe and the proof will come in a separated paper. 
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a rank-2 abelian subgroup generated by Uij and Uk,e where Uij G Ek/ and 
let V C 5L(n,M) be an abelian unipotent subgroup containing U. Then a 
smooth C'' -valued cocycle over the V -action on SL{n,W)/T , where T is a 
lattice in SL{n,M), is smoothly cohomologous to a constant cocycle. 

The paper is organized as follows: after recalling Meckey theory and basic 
notations in Section [3l we give explicit calculations of some representations 
of SL{2, M) >< M2 and (5L(2, M) k M^) ix M?- and give a detailed description of 
group action for Indp(A^) in Section [H we give the proof of Theorem 12.41 in 
Section O we study the cohomological equation on SL{2,M.) ix M^, construct 
smooth solutions and give Sobolev estimates of the solutions; based on the 
conclusions for SL{2,M.) k M^, we prove Theorem 12.11 and weak version of 
cocycle rigidity for SL{2, Section [H we study strong and weak 

version of cocycle rigidity on (5L(2, M) tx M^) X ]r3 i^ 

Section [2 we use 

conclusions in Section [7] to prove Theorem 12.31 in Section [8l we study dual 
representation of 5'L(2,]R) tx M? and then prove Theorem 12.21 in Section [H 
At the end of this paper we prove Theorem 12.61 

Acknowledgements. I would like to thank Roger Howe for many valuable 
comments which improved the paper significantly. I would also like to thank 
Anatole Katok and Giovanni Forni for their helpful comments. Thanks 
also are due to Livio Flaminio for suggesting a method of obtaining tame 
estimates in the centralizer direction. 



3. Preliminaries on unitary representation theory 

3.1. Direct integrals of unitary representations. Let {Z,fj,) be a mea- 
sure space, where is a cr-finite positive measure on Z. A field of Hilbert 
spaces over Z is a family {T-l{z))z(^z, where Ti{z) is a Hilbert space for each 
z & Z. Elements of the vector space YlzezT~(-i^) si's called vector fields over 
Z. 

A sequence {xn)n£^ of vector fields over Z is called a fundamental family 
of measurable vector fields if the following properties are satisfied: 

(1) for any m, n G N, the function z — )• {xn{z), Xm{z)) is measurable; 

(2) for every z £ Z, the linear span of : n G N} is dense in T-L{z). 

Fix a fundamental family of measurable vector fields. A vector field x G 
YlzezT^i^) is said to be a measurable vector field if all the functions 

z ^ {x{z), Xniz)) , nGN 

are measurable. In the sequel, we identify two measurable vector fields 
which are equal /x-almost everywhere. A measurable vector field x is a 
square-integrable vector field if 

/ ||x(z)||(i/i(2;) < oo. 
Jz 



COHOMOLOGICAL EQUATION AND COCYCLE RIGIDITY 



9 



The set % of all square-integrable vector fields is a Hilbert space for the 
inner product 

{x{z),y{z))d^{z), x,ye'H. 

We write 

Jz 

and call % the direct integral of the field {'H{z))z£z of Hilbert spaces over 
Z. li'H{z) = /C for all z G Z where /C is a fixed Hilbert space, we can choose 
a fundamental family of measurable vector fields such that the measurable 
vector fields are the measurable mappings Z — )• /C, with respect to the Borel 
structure on fC given by the weak topology. However, this is actually the 
same as the Borel structure defined by the norm topology [Ml Chapter 2.3]. 
Then 

/ 'H{z)dfi{z) = L^{Z,JC) 
Jz 

the Hilbert space of all square-integrable measurable mappings Z ^ K,. 

For every z S Z, let T{z) be a unitary operator on 7i{z). We say that 
{T{z))z£Z is a measurable field of unitary operators on Z if all the functions 

z ^ {T{z)x{z),y{z)), x,yen, 

are measurable. In this case, we write 

T= f T{z)dii{z). 
Jz 

3.2. Unitary dual of 5 = 5^(2, M). We list the conclusions in [TO]. We 
choose as generators for s[(2,M) the elements 

(-) ^KSi)' ^K?o)' 

The Casimir operator is then given by 

□ := -X^ - 2{UV + VU), 

which generates the center of the enveloping algebra of s[(2, M). The Casimir 
operator □ acts as a constant u G M on each irreducible unitary represen- 
tation space and its value classifies them into four classes. For Casimir pa- 
rameter u of S'L(2,M), let v = y/1 — u be a representation parameter. Then 
all the irreducible unitary representations of 5L(2,M) must be equivalent to 
one the following: 

• principal series representations vr^, u > 1 so that v = iM, 

• complementary series representations tTi,, < -u < 1, so that < 

• discrete series representations -Ky and 7r_j^, u = — + n, n > 1, so 
that = 2n — 1, 

• the trivial representation, n = 0. 
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Any unitary representation {tt^T-L) of 5'L(2,M) is decomposed into a direct 
integral (see [5] and p4] ) 

(3.2) ^ = / y-udn{u) 

J® 

with respect to a positive Stieltjes measure dfi{u) over the spectrum cr{0). 
The Casimir operator acts as the constant u £ cr{n\) on every Hilbert space 
Tiu- The representations induced on Tiu do not need to be irreducible. In 
fact, Tiu is in general the direct sum of an (at most countable) number of 
unitary representations equal to the spectral multiplicity of m E c(n)- We 
say that vr has a spectral gap (of uq) if uq > and /i((0,no]) = 0. 

3.3. Introduction to Mackey representation theory. The problem of 
determining the complete set of equivalence classes of unitary irreducible 
representations of a general class of semi-direct product groups has been 
solved by Mackey [21]. These results are summarized in this section with 
explicit application to groups S'L(2,R) x and (SL(2,M) k M^) ^ j^s ^.^ 
facilitate the study of cohomological equation and cocycle rigidity that fol- 
lows. Let 5" be a locally compact group with a closed subgroup H. Let vr be 
a unitary representations of on a Hilbert space %. Suppose S/H carries a 
S-invariant a finite measure ^. Choose a Borel map A : S/H — )• S such that 
poK = Id, where p : S ^ S/H is the natural projection. The representation 
TT on H induces a representation vri on S as: 

(3.3) (vri(5)/)(7) = 7r(A{jrhA{s-'j))f{g-'j) 

where s G 5, 7 G S/H and / G L'^{S/H,7i, fi). More precisely, if 5r"^A(7) 
decomposes as 

5-^A(7) = (<7-'A(7))J<7-'A(7))^ 

where [g~^A{-f))^£ A{S/H) and [g~^A{-f))^£ H, then ([33]) has the ex- 
pression 

(vri(5)/)(7) = vr((<7-^A(7))^V((5-'A(7)) J. 

The representation vri is unitary and is called the representation of the group 
S induced from tt in the sense of Mackey and is denoted by Ind^(7r). For 
the cases of interest to us, the groups are very well behaved and satisfy the 
requisite properties. 

We list some of the identifications which are commonly used in the theory 
of unitarily induced representations (see Proposition 5.1.3.2, 5.1.3.5 of [32j. 
[201 P- 123] and Proposition E.2.1 of [I]). 

Proposition 3.1. (1) (Induction by stages) Let H and K he closed sub- 
groups of S with K C H, and let t be a unitary representation of 
K . Then Indfj{Ind^{T)) is unitarily equivalent to Indf^{T), 
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(2) Suppose J^Tzdfi{z) is a unitary representation of H , then Ind^{f^Tzd^{ 
is unitarily equivalent to Indfj{Tz)dfj,{z), 

(3) Let ai and a2 be equivalent representations of H . Then Indfj{ai) 
and Indfj{a2) are unitarily equivalent. 

Theorem 3.2. (Mackey theorem, see [Ml Ex 7.3.4], [231 111.4.7]; Let S be 

a locally compact group and N he an ahelian closed normal subgroup of S. 
We define the natural action of S on the group of characters N of the group 
M by setting 

(sx)(n) := x(s~^ns), s G 5, x G AA, n E AA. 

Assume that every orbit S ■ Xj X ^ locally closed in M . Then for any 

irreducible unitary representation vr of S, there is a point xo S with S^^ its 
stabilizer in S, a measure ^ on M and an irreducible unitary representation 
a of S^g such that 

(1) 7T = Indl^^{a), 

(2) a \j^= (dim)xo, 

(3) 7r(x) = Jj;^x{x)dfJ'{x)> for any x G A^; and fi is ergodicly supported 
on the orbit S ■ xo- 

3.4. Weak containment and tempered representations. In terms of 
representations of the *-algebra of S (see [IJ and [4J), for two unitary repre- 
sentations pi and p2 of S, we say that pi is weakly contained in p2 if 

||pi(/)|| < ||P2(/)||, yfeL\S). 

We write for this pi ■< p2- 

A unitary representation p is said to be tempered if p is weakly contained 
in the regular representation of S. If S is semisimple, then it is well-known 
that every tempered representation of S has a spectral gap. For example, 
if S = S'L(2,M), then the discrete series and principal series representations 
are tempered, while the complementary series representations are not (see 
|10j). The following follows from (the proof) of [21 Lemma 14] and [H Lemma 
6.2]: 

Theorem 3.3. Let Z he a standard Borel space and p a positive measure 
on Z . Let S be a separable locally compact group and vr a representation of 
S, and 

TT = ■Kxdpix) 
JZ 

a direct integral decomposition of tt with respect to a measurable field z — t- vr^ 
of representations ofir. Then 

(1) TTz is weakly contained in vr for almost all z £ Z; 

(2) TT is tempered if and only if tt^ for almost all z £ Z. 
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Even though it is assumed that /x is bounded in [21 Lemma 14] , the proof 
works for unbounded well without any change. On the other hand, 

since Z is standard, we can always assume that the measure is bounded, 
upon passing to one which is finite and has the same support. This changes 
TT but not the set of irreducible representations weakly contained in vr. 

3.5. Sobolev spaces and elliptic regularity theorem. Let vr be a uni- 
tary representation of a Lie group G with Lie algebra g on a Hilbert space 
H = -H(7r). 

Definition 3.4. For A; G N, 'H'^{it) consists of all v G 'H{'7t) such that the 
^-valued function g — ;> 7r{g)v is of class {VP = %). For X G g, dTT{X) 
denotes the infinitesimal generator of the one-parameter group of operators 
t — )• 7r(exptX), which acts on 7i as an essentially skew-adjoint operator. For 
any v £ Ti, we also write Xv := dTT{X)v. 

We shah call n'' = Ti'^iir) the space of A;-times differentiable vectors for 
TT or the Sobolev space of order k. The following basic properties of these 
spaces can be found, e.g., in [25j and [26j : 

(1) T-L^ = f]m<k D{d'K{Yj^) ■ ■ ■ dTr{Yj^)), where {1^} is a basis for g, and 
D(T) denotes the domain of an operator on T-L. 

(2) "H*^ is a Hilbert space, relative to the inner product 

{Vl, V2)G,k ■■ = J2 (^h ■ ■ ■ YjmVl, Yj, ■ ■ ■ Yj^V2) + {Vi, V2) 
l<m<k 

(3) The spaces H'' coincide with the completion of the subspace C H 
of infinitely differentiable vectors with respect to the norm 

Mck = {\\vf + E \\yn---Yj,^^f}~'- 

l<m<k 

induced by the inner product in (2). The subspace coincides 
with the intersection of the spaces for all k > 0. 

(4) H'^, defined as the Hilbert space duals of the spaces H^, are sub- 
spaces of the space £{T-l) of distributions, defined as the dual space 

We write \\v\\k ■= \\v\\G,k and {vi, V2)k ■= {vi, ^2)0,^ if there is no confusion. 
Otherwise, we use subscripts to emphasize that the regularity is measured 
with respect to G. 

If G = M" and H = the square integrable functions on M", 

then Ti^ is the space consisting of all functions on M" whose first s weak 
derivatives are functions in L^(]R"). In this case, we use the notation VF^(M") 
instead of to avoid confusion. For any open set O C M", |H|(C'',C') stands 
for norm for functions having continuous derivatives up to order r on C 
We also write ||-||c if there is no confusion. 

We list the well-known elliptic regularity theorem which will be frequently 
used in this paper (see [271 Chapter I, Corollary 6.5 and 6.6]): 
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Theorem 3.5. Fix a basis {Yj} for g and set L2m = Y^^, m G N. Then 

\H\2m < Cm{\\L2mV\\ + 11^11), 

where Cm is a constant only dependent on m and {Yj}. 

Suppose r is an irreducible torsion-free cocompact lattice in G. Denote 
by T the regular representation of G on ^{T) = L?'{G/T). Then we have 
the following subelliptic regularity theorem (see |14j): 

Theorem 3.6. Fix {Yj} in q such that commutators of Yj of length at 
most r span g. Also set L2m = m G N. Suppose f G ^(T) or a 

distribution on G/T. If L2mf G 'H(T) for any m G N, then f G 'H(T) and 
satisfies 

\\fh-^.i<Cm{\\L2mf\\ + \\f\\), 

r 

where C,„ is a constant only dependent on m and {Yj}. 

Remark 3.7. The elliptic regularity theorem is a general property, while 
the subelliptic regularity theorem can't be applied without adopting extra 
assumption. For example, if G/T is non-compact then the above theorem 
fails. 

3.6. Direct decompositions of Sobolev space. For any Lie group G of 
type / and its unitary representation p, there is a decomposition of p into a 
direct integral 

(3.4) p = [ p,dp{z) 

of irreducible unitary representations for some measure space {Z, p) (we refer 
to [Mi Chapter 2.3] or for more detailed account for the direct integral 
theory). All the operators in the enveloping algebra are decomposable with 
respect to the direct integral decomposition (13. 4p . Hence there exists for all 
s G M an induced direct decomposition of the Sobolev spaces: 

(3.5) W = I nldp{z) 

JZ 

with respect to the measure dp{z). 

The existence of the direct integral decompositions (|3.4p . (|3.5p allows us 
to reduce our analysis of the cohomological equation to irreducible unitary 
representations. This point of view is essential for our purposes. 

3.7. The Fourier transform. Let A/" be a locally compact abelian group 
with a Haar measure dn and denote by M its dual group. The Fourier 
transform of L}{J\f) is obtained by restriction: 

Kx)= I f{n)W)dn, f€L\M), 

the bar denoting complex conjugation. In particular, / belongs to Go{Af) 
for all / G L^{M), where Co{Af) is the space of complex- valued continuous 
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functions vanishing at infinity [6, pg. 93]. The space of functions 5 (A/"), 
known as the Schwartz- Br uhat space of N (rapidly decreasing functions on 
A/"), is defined such that it has the property: the Fourier transform induces 
a topological isomorphism S{J\f) = S{M). 

Theorem 3.8. For a suitable normalization of the dual Haar measure dn 
on J\f, we have: 

(1) The Fourier transform f f from (Af) f] L'^ (Af) to L'^{M) ex- 
tends to an isometry from L?'{J\f) onto L?'{J\f). 

(2) // / G L^i-M) and f G L^{N), then for almost every n^N, /(n) = 
/XrX(n)/(x)rfX- 

(3) Every n G A/" defines a unitary character r/(n) on J\f by the formula 
v{^){x) = for any x G A/". The canonical group homomorphism 
rj : M ^ N is an isomorphism of topological groups. 

(1), (2) and (3) in above theorem are called Plancherel's Theorem, Fourier 
Inversion Theorem and Pontrjagin's Duality Theorem respectively. From 
Plancherel's Theorem, we see that Fourier Inversion Theorem extends to 

-L^(A^). We can and will always identify N with J\f and will take the nor- 
malized dual Haar measure c?n on A^ (relative to dn on A^) . 

3.8. Group algebra of locally compact groups. Let be a locally com- 
pact group, with a left invariant Haar measure ds. The convolution fi * /2 
of two functions /i, /2 G L^{S) is defined by 

fl*f2{h) = I fl{s)f2{s-^h)ds. 

Js 

The group convolution algebra L^{S), equipped with the involution f ^ f*, 
where 

f*{s)=5sis-^)Tis), ^sgS, 

Ss denoting the modular function of group S and ^ denoting reflection 
(/^(■s) = f{s~^) for ah s G 5), is a Banach *-algebra. 

Let vr be a unitary representations of S" on a Hilbert space Ti with inner 
product ( , ). The representation of vr extends to a *-representation of L^{S): 
for any /i, ^ G 1^3) 

(3.6) vr(/i * /2) = 7r(/iM/2) and 7r(r) = ^(J)* 

where vr(/)* denotes the adjoint operator of vr(/*) and vr(/) is the operator 
on Ti for which 

{Tr{f)v,w) = / f{s){Tr{s)v,w)ds, \/v,w^% 
Js 

for any / G L^{S). 
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In particular, for the left regular representation T, T(/) is the operator 
of left convolution by / on L'^{S): T{f)g = f * g for any g G L'^{S). 

Let J\f be an abelian closed subgroup of S. For ^, r] £ H, consider the 
corresponding matrix coefficient of vr 

h,vi^) = (7r(n)C, v), for any n G TV. 

There exists a regular Borel measure fj, on A/", called the associated measure 
of TT (with respect to M), such that ^ = /j^Cx'^M(x); ^^id 

(3-7) <P(,r,i^) = Lx{n){Cx^ r]^)Mx)- 

•IN 

The representation vr \j\f extends to a *-representation on S{M): for any 
/ G S{M), vr(/) is the operator on % for which 

Then we have 

(^(/)^,^>= / (/(n)vr(n)C,7?>dn^=^ / Lf{n)x{n){^x,Vx)dKx)dn 

(3.8) = L(ex, ^x) [ fin)x{n)dndM Lf{x){^x^ Vx)Mx). 

(1) follows from (j3.7p and (2) holds by using Fourier Inversion Theorem. 
Then we have 

||^(/)|| < ll/lloo, V/G5(Ar), 

which allows us to extend vf from S{Af) to L°°{J\f) by taking strong limits 
of operators and pointwise monotone increasing limits of non-negative func- 
tions (see [TU] for a detailed treatment). Hence vf is a homomorphism of 
L°°{J\f) to bounded operators on %. 

Lemma 3.9. Suppose {it,'H) is isomorphic to another unitary representa- 
tion {ttijUi) and the isomorphism is I, then 

(1) X(7f (/)(?;))= 7f{f){Iv) for any f G L'^iM) and v G Ti; 

(2) if the associated measures of n and tti are Lebesgue measures and 
e = Hxdx e n and 1(0 = J ^^dx G ^i, then = U'J for 
almost all x- 

Proof. (1) is clear from the definition. We just need to show (2). For any 
Borel set B C A/", let Xb denote the characteristic function of B. Use 
(resp. Lx[^)) to denote the set of Lebesgue points of the function: x ~^ W^xW 
(resp. X^\\Q\)- 

Let B{\,r) denote the ball centered at A with radius r. Then by using 
(|3.8p and Lebesgue differentiation theorem (see Theorem 7.7 of |28] ) for any 
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A G Pi Lx(^) we have 

r^O Ll(Br) jRiX.r) Ll(Br) ^ ' 



r^O ^x{Br) JB{X,r) yu(5r 



C' ||2 



(*) holds since it is a special case of (1). Then we finish the proof. □ 



Remark 3.10. For any unitarily equivalent representations (tTj'H) and 
{■KijHi) over A/", the associated measures are absolutely continuous with 
respect to each other (see |34t Proposition 2.3.3]). Hence if one of the asso- 
ciated measures is the Lebesgue measure, so is the other up to an isomor- 
phism. 

4. Explicit calculations based on Mackey theory 



4.1. Dual action of 5L(n,M) on M" for regular representation. Recall 
notations in SectionES) Let H = SL{n, R),n>2,M = M" and S = i7 ixM". 
The action of H on M" is given by usual matrix multiplication. The group 
composition law is 

{gi,vi){g2,v2) = {gi92,92^vi +V2). 

The dual group of M" can be identified with as follows. Fix a unitary 
character C, of the additive group of R distinct from the unit character. The 
mapping 

is a topological group isomorphism, where C,v{x) is defined by e^""^-^ (see. 
[331 Ch II-5, Theorem 3]). Under this identification, the dual action of H on 
M"- corresponds to the standard adjoint H action {p{g)~^Y on M". Therefore 
the actions of H in R" are algebraic and hence the /7-orbits on M" are locally 
closed j3l]- There are only two orbits of S acting on R", namely the origin 
and its complement. If vr is an irreducible unitary representation of S such 
that vr Iru (x) = xi^)dfJ'{x) with fi supported on the origin then vr |]Rn is 
trivial, and hence tt factors to a representation of H. If fi is supported on 
the complement, then there is no non-trivial R"-vectors, and hence tt is an 
induced representation. 

4.2. Unitary dual of S" = S'L(2,R) x R^ of no non-trivial R^-fixed 

a b 



vectors. Write S in the form 



c d 



f 2 / ' \c d 



where ^1 G 5L(2,R) and 



G R^. The discussion in previous part shows that for the vector ( ^ 
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its stabilizer is isomorphic to the Heisenberg group 

bmce 5L(2,M) X R'^/N is isomorphic to R'^\{0, 0), we choose a Borel section 

C 

y X- 



A : SL{2,R) K R'^/N SL{2,R) x given by A{x,y) = ( ^ °i 1. The 



action of the group on the cosets is 

g-^Aix,y) = A{dx-by,ay-cx)i '^^^^^^ 

where g = ^ • The action of the group on the section A is: 

A{x,y)-\g,v)A{{g,v)-\x,y)) 

'1 ^\ ( v,{dx-by)-^ 



^0 1 J ' \V2{dx - by) - vi{ay - cx) 
where v = {^^^ • Since the irreducible representations of S with fj, supported 
on the orbit of I ^ ) are induced from irreducible representations on N which 



^1^ 

is isomorphic to M, by using Theorem 13.81 we have 

Lemma 4.1. The irreducible representations of SL(2,R) x without non- 
trivial R'^ -fixed vectors are parameterized by t £ R and the group action is 
defined by 

pt : SL{2,R) X ^ BCHt) 
pt{v)f{x,y) = e^^'^-''^y^^'f{x,y), 

Ptig)fix, y) = e^-i—by) f{dx - by, -ex + ay); 

and 



a b\ (vi 

We choose a basis for the Lie algebra o/sl(2,M) as in ()3.ip and a basis 
for to be Yi = and Y2 = . Then we get 

X = -xdx + ydy, U = tox~'^\^ - ydx, V = -xdy 
(4.1) Yi = -yV^, Y2 = xV^. 



where {g,v) = ^ , ) G 5L(2, M) x 



-Ht = ll/llL2( 

2 
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4.3. Unitary dual of 5 = {SL{2, M) xM^) non-trivial M^-fixed 

vectors. We consider the group {SL{2, M) k M^) x which can be expressed 
'a b ui vi\ / h\ / \ 

where J ^ SL{2,R), ( G R^ and 



in the form [ c d U2 




be the rank two subgroup of R . Note 

is the restriction of the standard 
representation of S'L(3,R) on R^. We choose a basis for the Lie algebra of 
5l(2, R) K R2 to be 

/I I 

X = -1 I ;7i = I I U2 






= 1 Vi 



and a basis for R^ to be Yi = ^0^ , Y2 = ^1^ and Y3 

Next, we will give a detailed description of irreducible representations of 
S without no non-trivial L -fixed vectors. 

/a b ui\ /vi\ 
For any h = i c d u.2 \ & H and u = j U2 ) G R^, the action of hT' on 

\o ly \vj 

V is: 

h^v = {avi + CV2, bvi + dv2, uivi + U2V2 + fs)""- 

This allows us to completely determine the orbits and the corresponding 
representations. The orbits fall into two classes: 

• if {vi,V2, vs) ^ (0, 0, vs), then the orbit is just the whole space except 
the origin, 

• if {vi,V2,vs) = (0,0, i^s), then the orbit is a single point {0,0, v^Y € 
R^ and its stabilizer is S. 

For the second class, the corresponding representations are trivial on L. 
Then we just need to focus on the first class. Using (??) we see that the 

/1\ /I 0\ 

stabilizer A'' of I 1 in if is I c 1 U2 \, where (c, 142)^ G R^. Since 

\oJ vo 1/ 

H/N is isomorphic to R^\(0, 0, 0)"^, a Borel section is given by A{x,y,z) = 



y 


zx ^\ 


/a 


b 






X 




. For g = \ c 


d 


U2 


, the action of the group on 







Vo 





1/ 
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cosets is 

/ 1 

g-^A{x,y,z) = A{D,E,FD) i 1 cm-auj^-zx-^c 

\ 1 

where 

D = —cy + xa, E = yd — hx 
(4.2) F = {azd — aduix — cybu2 + au2yd + cuibx — czb)D~^ . 

Then the action of the group on the section A is: 

A{x, y, z)-' {g, v)A(ig, v)-\x, y, z))= (P, V) 

where v = {vi,V2,vsy G K'^, 




\ /Dvi - Ev2 - DFv3^ 
P = { ^ 1 zx-'c-p+au2 and F = I D-^V2 

1 J \ V3 



Let 

(4.3) pi = c{xD)~'^ and p2 = z{xD)~^c - cuiD~'^ + au2D~'^ . 
Note that the irreducible representations of S with supported on the orbit 
of I j are induced from irreducible representations on N which is isomor- 

Voy 

phic to M?, then by using Theorem 13.81 we have 

Lemma 4.2. All the irreducible representations of {SL(2, 
without non-trivial L-fixed vectors are induced representations and parame- 
terized by t, r £ M? and the group action is defined by 

U(^t,r) ■■ {SL{2,R) K M^) K ^ 'B(%,r)) 

n^t,r)iv)fix,y,z) = e(--^~^— 3)v^/(^^y^^)^ 
U^t,r)ig)fix,y,z) = e^P^'+P^'^^^fiD,E,FDy, 



and 



L2(K3), 



(a b ui\ 
c d U2 \ and v = {vi, V2, v^Y G M^. Here D, E, F are 
ij 

defined in (I4.2p and pi , p2 are defined in (14. 3p . 
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Computing derived representations, we get 

X = xdx-ydy, Ui = -xdy, U2 = -xdz, 
Us = yd, + V^tx-\ 
Vi = -ydx + V^(r + 
(4.4) yi = x^/^, Y2 = -y^/^, Ys = -z^/^. 

Remark 4.3. From the relation 
/I c\ 

nt,.( 1 Q])f{x,y,z) = f{x,y,z-cx), VcGM, 
Vo ij 

we see that the only vector in IHI(j^) fixed by the one-parameter subgroup 

1 c\ 

1 j is zero, which implies that 11^^^ |5l(2 m)i><m2 has no non-trivial 
.0 1/ 
M^-invariant vectors. 

Next, we will give a detailed description of Ind^(l), where G = SL{n, M), 
n > 2 and N is the stabilizer of the vector (1, 0, • • • , 0)"^ G in G, which 

has the form (^^ ^ , where v'' G W'^ and A G SL{n - 1,M). Let P the 

maximal parabolic subgroup of G which stabilizes the line (R, 0, • • • , 0)"^. 

4.4. Decomposition of Ind^ into a direct integral. At first, we calcu- 
late Ind^(l). Note that P/N is isomorphic to M\0. Choose a section given 
by A(5, x) = diag(sgn((5)e^, sgn(5)e'~^, 1, • • • , l) , where S = ±1. By Mackey 
theory we see that the group action is defined by 

^)fi^,x) =/(sgn(a)5, x-log|a|). 



and 



= 11/(1, •)IIl2(m) + II/(-i,-)IIl2( 



where a G M\0, A G GL{n - 1, M) and v'' G Let H'^ = -L^(M) x 

with norm 

\\{f,9)\\H'^ = \\f-9\\L^{R) + Wf + gh^R)- 
The group action is defined by 

y :p^h(h;) 

^)if{x), g{x)) = {f{x - log|o|), sgn{a)g{x - log|a|)). 
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Then the 

f{6,x) ^ + /(l,x) - 

is a unitary equivalence over P. Reformulating terms by using Fourier In- 
version Theorem, we have 

(/(x), g{x)) = {-^ Jj{t)e'^^'dt, Jj{t)e'^^'dt) 

and 

= / /(t)|ar*v^e*--v^dt, / sgn(a)ff(t)|ar*v^e*-v^dt) 

^V2vrJR v27r JM ^ 

where h{t) = /j^ h{x)e~^^^'^dx for any /i G 

Hence we see that (7', H'^) is unitarily equivalent to Alj ® Aljdt where 
At=^ is defined in ([231) of Section [221 

([1]) of Proposition 13.11 shows that Ind^^*-"'''*''(1) is unitarily equivalent to 
Indp^^"'^^(Ind^(l)). By ([3]) of Proposition 13.11 and earlier arguments we 
find that Indp^^"''^^(Ind^(l)) is unitarily equivalent to Indp^''"'''*'*(/]g A^^ © 
XZtdt). Finally, Q of Proposition O shows that Indp^^"''*^(/]j Al^ © Aljdt) 
is unitarily equivalent to J^Indp^^"''^\x1if © XZt)dt. 

Remark 4.4. When n = 2 recall the well known fact that for any t £ 
M the principal series representation tt^^^— y of SL{2,M) is equivalent to 

Indp^^'^'''^^(A^). Then the earlier discussion shows that only principal se- 
ries representations appear in pQ |sL{2,R)= Ind^ (1). 

Before proceeding further with the proof of Theorem 12. 4( we list some 
important properties of representation of semidirect product SL{n,M) x M" 
without non-trivial M'^-invariant vectors (see [7], [31j and ^34j) which will be 
frequently used in this paper: 

Proposition 4.5. For any unitary representation vr of SL{n,M) x M" with- 
out non-trivial W^-fixed vectors, where SL(n,M) acts on R" as the standard 
representation, vr contains no non-trivial SL{n,M)-fixed vectors either. 

The proposition is a special case of Lemma 7.4 in [31j . which follows from 
Mackeys theory and Borel density theorem (see [341 Theorem 3.2.5]). 

Recall the following direct consequence of the well known Howe-Moore 
theorem on vanishing of the matrix coefficients at infinity [9] : if G is a simple 
Lie group with finite center and p is a unitary representation of G without 
a non-zero G-invariant vector and M is a closed non-compact subgroup of 
G, then p has no M-invariant vector. 
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Since SL{n,R), n > 3 has Kazhdan's property (T) (see flU] and p3j), by 
above proposition and Howe-Moore, we see that if n > 3 vr has a 

spectral gap, that is, tt \sL{n,R) is outside a fixed neighborhood of the trivial 
representation of SL{n,'M.) in the Fell topology. When n = 2, SL{2,M) fails 
to have property (T), but the following result (see [7] and [3l]) shows that 
vr \sL{2,M.) ^Iso behaviors in a similar way: 

Proposition 4.6. We assume notations in Proposition \4-5\ If n = 2, then 
\sL{2,R) is tempered. 

Remark 4.7. From arguments in Section [3.4( we see that vr \sl{2,r) only 
contains the principal series and discrete series of SL{2,M). If the attached 
space of vr is ^ and V. is decomposed into a direct integral as described in 
132]) of Section 

^ = / V.udfJ.{u). 

J® 

then above discussion shows that ^(0, 1) = 0. 

We end this section by a standard result about cocycle equation: 

Lemma 4.8. Suppose (vr,?^) is a unitary representation for a Lie group 
G with Lie algebra q and Ui, U2 € Q. Suppose there is no non-trivial 112- 
invariant vectors (we call v £ H a U2-invariant vector if U2V = 0). If 
f^g^H. satisfies the cocycle equation Uif = U2g and the equations uih = g 
has a solution h € Ti^, then h also solves the equation Uih = g. 

Proof. From ui/i = 5 we have 

XLlU2h = U2(ui/l) = U2g = Uif, 

which implies that 112/1 = / since there is no non-trivial U2-invariant vectors. 

□ 

5. Proof of Theorem 12.41 

At the beginning, we give a detailed description of the group action of 
Indp(A^). We recall the formula for the induced representation Indp(Af ) 
(see [H] and [32]). Consider the Langlands decomposition of P: P = 
MApN. Denote by N the unipotent radical of the opposite parabolic sub- 
group to P with the common Levi subgroup MAp. Note that NP is a 
dense open submanifold of G whose complement has zero Haar measure. If 
g £ NP decomposes under the decomposition NP, we denote by P{g) the 
P-component of g. If g decomposes under NMApN as 

g = n{g)m{g) exp a{g)n{g), 

then the action is given by 

Ind^(A±)(<7)/(x) = e-'°^<a-'-)^\f{P{g-^x)-^)f{n{g-^x)) 
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for any / € L?'{N , dx) and x G iV, where 5q is the half sum of positive A^- 
roots. We write an element of iV as a; = (1, xi , • • • , Xn-iY ■ We choose a basis 
for the Lie algebra of s[(n, M) to be Ujj, 1 < i 7^ j < n and Xj, 1 < z < n— 1, 
where Ujj are defined in Section 12.21 and Xi = diag(0, • • • ,1, —1, • • • ,0). 

i i+1 

Let g\ ,j = exp(tUij) and h\ = exp(tXj), t G M. The realization of the 
representation Indp(A^) on L'^{N, dx) can be formulated as follows: 

Ind^(A±)(/i|)/(xi,--- ,xn-i) 
e''''/^e''^f{e'^'xi,e'x2 
fis^it'"' 1^ Xi ■ ■ 

and has the following expressions 
Ind^(A±)(5|,,)/(xi,--- 



1 Xn—l)i 



i = 1 
i > 2; 



|1 — Xj-is\ 



-n/2-t^ 



•/( 



Xi 



£ (1 — Xj-is) 



1 



Xj^lS 
/(Xl,--- ,Xi-l 
. f {-^Ij ■ ■ ■ ) Xi — l 



i>2, j^l, 
i>2, j = l. 



1 — Xj^iS 
•^Xj — l, • • • l). 

Since the one-parameter subgroups gjj and /i^ generate 5L(ra 
of these subgroups determine the group action of S'L(n,]E 
derived representations, we get 

n-l 

+ t\^) + 2Xldx^ + ^ XfcSa;^, 



1, J > 2, 



, the actions 
Computing 



(5.1) 



and 



'2 



k=2 



(5.2) Uij 



n-l 



- + t\^)xj-i + ^ Xj-iXkdxk, 
k=l 



i = l, 

i > 2, 

^ = 1, i > 2, 

« > 2, i / 1, 
^ > 2, i = 1. 



We are now in a position to proceed with the proof of Theorem [5l Noting 
that the Weyl group is the symmetric group Sn which operates simply tran- 
sitive on the set of Weyl chambers, we may assume that one element in the 
pair Uij and Uk/ is U2.i- By assumption, the other one is U2j or Uj^i, j > 3. 
Let h{xi, • • • ,x„,_i) = p(xi)p(x2) • • ■ p{xn-i) where p is a smooth function 
with compact support over M satisfying the following two conditions: p >0 
and p = 1 on [— 1, 1]. 



Case 1. The pair is U2,i and U2j, j > 3. 



24 COHOMOLOGICAL EQUATION AND COCYCLE RIGIDITY 

Let g = h and f = g ■ Xj^i. From relations in (15. ip and (15. 2p . it is easy 
to check that / and g are smooth vectors for Indp(A^). Using relations in 
(15.21) we have 



(5.3) U2,i/ = -dxj = -Xj-id^^g = U2jg. 

If U2.i^ = g where lo G L^(M"'^"'^), then —dxiCO = g. Taking fourier transfor- 
mation on factor xi, we have 

(5.4) -^/^a)g(^, ^2, • • • , Xn-l) ■ C = P{i)p{x2) ■ ■ ■ V{Xn-l) 

where 



P(0 = j P{y)e y^^dy, and 



^d^,X2 ■ ■ ■ ,Xn-l) = — ^ J U){X1, ■ ■ ■ ,Xn-l)e ""^^^dxi. 



Then uj^ G ^^(M") and p is a continuous function. Then we have 

Since p{0) = J p{y)dy > by assumption, Co^ ^ L^(R"'). Then we get 
a contradiction. Note that the equation U2juj = / is also equivalent to the 
earlier equation —dxi^^ = g- Thus we proved the claim for the pair U2,i and 
U2j, j > 3. 

Case 2. The pair is U2,i and Uj^i, j > 3. 

Under the permutation (1, j) the pair changes to U2j and Uij. Then we 
can consider the pair U2j and Uij- instead. Let 

n-1 

,n 



g = {- + ty/^)h -h+^ Xkdx^^h and / = -d^^h. 
^ k=i 

Obviously, / and g are smooth vectors for Indp(A^). Using relations in (|5.2 
we have 

n 

uij/ = -(- +t\^)xj-idx^h- ^Xj^iXkdx^dx^h 
^ k=i 

= -Xj^idx^ ((- + tV^)h -h + Y^ Xkdx^h 

k=l 

= -Xj-.idx^g = U2,jg- 
If U2jW = / where u G L^(M"~^), then 

Xj-idx^uj - dx^h = 0. 
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Let = {x £ : \x\ > e} and lA^ixj-i) be the indicator function for the 
set Ae. Multiplying to each side the above equation we get 

= {Xj-id;,^UJ - da:ih)lA,{Xj^l) 

= Xj-idxi[uj ■ lA,{xj-i) - h ■ x~\lA,ixj-i)) 

= -U2,j{uj ■ lA,iXj~l) - h- X~\lA,i^j-l)) 

for any e > 0. Since a;-lAe(a;j_i) and h-xj\lA^{xj-i) are both in L^(M'^~^), 
by Howe-Moore, 

w • lA^Xj-i) - h ■ xj\lA,{xj-i) = 0. 

Thus 00 + h- xj\ = follows immediately from the arbitrariness of e, which 
means that h ■ x-\ G L2(M"-1). Then we get a contradiction. If Uijoo = g 
where oo G L^(M"~^), then Theorem 12.11 (the proof is in the next section) 
shows that uo \s a. smooth vector for Indp(A^). It follows from Howe-moore 
and Lemma [4. 81 that uo also solves the equation U2jW = /, which contradicts 
the assumption of / by the earlier argument. Hence we proved the claim for 
the pair U2,i and Uj^i. 

6. COBOUNDARY FOR THE UNIPOTENT FLOW OF 5L(n,M), n > 3 

In this section, G always denotes a Lie group G with finite center, q de- 
notes its Lie algebra and (vr, %) denotes a non-trivial unitary representation 
of G. We recall that for a flow ipt on G we say that F £ T-L is a coboundary 
for the flow if there is a solution f £ Ti to the cohomological equation 

In this section we will study the solution of the cohomological equation for 
various types of Lie group G. 

6.1. Coboundary for the horocycle flow of G = S'L(2,M). Recall no- 
tations in Section 13.21 and 13.51 For the classical horocycle flow deflned by 

the s[(2, IR)-matrix = ( !! i ) , there is a classification of the obstructions 



^0 0^ 

to the solution of the cohomological equation established by Flaminio and 
Forni |5j. That is, for any F G we know precisely the condition under 
which the equation Uf = F has a solution /. Let 

S^CH) ={V£ Sin) : CuV = 0} and 'Hu'" = {V £ : CuV = 0}. 

Theorem 6.1. Suppose vr has a spectral gap of uq. For all F £ , if 
'D(g) = for all D £ Ti-ij^ and t < s — 1, then the equation Uf = F has a 
solution f £ TH} , which satisfies the Sobolev estimates \\f\\t < Cf^^^uQ ||-F||s. 

Remark 6.2. In fact, the above theorem applies to any irreducible unita- 
rizable representations of s[(2,M); that is, those representations that arise 
as the derivatives of irreducible unitary representations of some Lie group 
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whose Lie algebra is s[(2, R). In fact, all such representations can be realized 
from irreducible unitary representations of some finite cover of S'L(2,M). In 
turn, all of these are unitarily equivalent to irreducible representations of 
SL(2,R) itself [To]. 

6.2. Coboundary for unipotent flows in any Lie group G. We present 
two technical results in this part, which are suggested by L. Flaminio. 
Lemma 16.31 and the "centralizer trick" in Proposition 16.41 will pay a key 
role in next section. 

Lemma 6.3. Suppose G is a simple Lie group and vr contains no non-trivial 
G-invariant vectors. Also suppose {exp{tY)}t£u. is a non-compact subgroup 
for some Y £ q. For any vi, V2 G Ti, if {vi, uh) = {v2, Yuh) for any 
hen°°, then vi = -Yv2. 

Proof. Thanks to Howe-Moore, we see that vr has no non-trivial y-invariant 
vectors. Since the orthogonal complement of y-coboundary are the Y- 
invariant vectors, which by earlier discussion are zero, we see that vi = 

-YV2. □ 

Suppose u G is a nilpotent element. The Jacobson-Morosov theorem 
asserts the existence of an element u' G g such that {u, u', [u, u']} span a 
three-dimensional Lie algebra gu isomorphic to s[(2,IR). Set G^ to be the 
connected subgroup in G with Lie algebra spanned by {u,u', [u, u']}. Since 
G has finite center, Gu is isomorphic to a finite cover of PSL{2, M). We have 
the following result which can be viewed as an extension of Theorem 16.11 

Proposition 6.4. Suppose there is a spectral gap of uq for (vr \g^, H). 
Suppose g G 11°° and V{g) = for all V G £u{T~i), where U = {exp(tu)}tg]R. 
Fix a norm | • | on g. Set 

9Tu = {Y G g : |y| < 1 and [y, u] = au, for some constant a G M}. 

Then the cohomological equation uf = g has a solution f £ Ti which satisfies 
the Sobolev estimate 

(6.1) \\Y'^f\\G.,t<Cu,,m,s,t\\9\\s, VyG9Tu 
ift + m<s — 1. 

Proof. As a direct consequence of Theorem 16.11 and Remark 16.21 we see that 
the cohomological equation uf = g has a solution f £% with estimates 

(6.2) \\f\\G.,t<Cs,t,uM\s 

if t < s — 1. As a first step to get the Sobolev estimates along 9Tu, we prove 
the following fact: 

Fact (*).- i/P G Su{n) then YV G 8u{n) for any y G 9Tu. 
By definition YV{h) = -V{Yh) for any h£n°°. Then 

{uYV){h) = V{Yuh) = V{uYh) + aV{uh) 

= -{uV){Yh) - a{uV){h) = 0, 
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which proves Fact (*). 

For any Y E *Jlu, from Fact (*) we see that ^^{Yg) = for any V £ £uiJ-L). 
Then Theorem 16.11 and Remark 16.21 imply that the equation u/i = Yg has 
a solution fi £ H with sobolev estimates 

(6-3) ll/illct < Cs,t,uo\\Y9\\s < Cs,t,uQ\\9\\s+i 

if t < s — 1. On the other hand, for any h £ H."^ we have 

-(/i,u/i) = (u/i,/i) = {Yg, h) = -{g, Yh) = -{uf, Yh) 
= (/, uYh) = {f, {Yu-au)h). 

This shows that Y f = fi— af by Lemma 16.31 From (16.21) and ()6.3p we have 

\\Yf\\Gu,t = ll/i - afWc^t < Cs,t,uQ\\g\\s+i 

if t < s — 1. Then we just proved (j6.ip when m = 1. By induction suppose 
(j6.ip holds when m < k. Next we will prove the case when m = k + 1. By 
induction for any j > 1 we have 

(6.4) Y^u = uY^ +pj^i{Y)u 

where Pj-i is a polynomial of degree j — 1 with coefficients determined by 
commutator relations in g. 

Fact (*) shows that V{Y''-^^g - pk{Y)g)= for ah V G Suin). Then it 
follows from Theorem 16.11 and Remark 16.21 that the equation 

ufk+i=Y''+^g-pk{Y)g 

has a solution G H with Sobolev estimates 

(6.5) \\fk+i\\G.„t < Cs,t,uo\\Y''+'9-Pk{Y)g\\s < Cs,t 
if t < s — 1. On the other hand, for any h £ 71°° we have 

-{fk+i,uh) = (u/fc+i, h) = {Y^+^g-pk{Y)g, h) 
= {g, {-lf+^Y^+^h-p'j,{Y)h) 

= {uf, (-i)^+iy'=+i/i-p'fc(y)/i) 

(6.6) = (/, (-l)'=+iuy'=+i/i - up',iY)h), 

where is the adjoint polynomial of pk- Keeping using relation (j6.4p we 
see that there exists a polynomial p'^ of degree k such that 

(_i)fc+iuyfc+i -up;(y) = (-i)^+iy'=+iu-p'^(y)u. 

Substituting the above relation into ()6.6p we have 

-{fk+i,nh) = {f, {-l)^+^Y^+\h-p'i{Y)nh) 
= -{Y^f, Yuh) - {pl'{Y)f, uh), 
where p'l' is the adjoint polynomial of p'j^. This shows that 

^'+v = -/fc+i+pr(^)/ 
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by Lemma 16.31 From ()6.2p and (16. 5p we have 

r'+Vl|G.,t = IIA+l +Pk{Y)f\\G.,t < CMs+k+l 

if t < s — 1. Then we proved the case when m = k + 1 and thus finish the 
proof. □ 

6.3. Coboundary for the unipotent flow in irreducible component 

of G = SL{2,'R.) X M?. In this section we take notations in Section [4. 2[ Let 



a 



' where a G and c, vi, V2 G 



G' denote the subErroup 

The Lie algebra of G' is generated by X, V, Yi and Y2. Our contention is: 

Theorem 6.5. For any irreducible component {pt, lit) of SL{2,M) x M?, 
(1) if the cohomological equation V f = g has a solution f G Ti"^ , then 
f satisfies 

<Cs\\g\\s+6, Vs>0. 



(2) suppose t ^ 0. If g, UY2g G and g{x, y)dy = for almost 
all X G M, then the cohomological equation V f = g has a solution 

(3) suppose t ^ 0. If g £ Hf^ and g{x,y)dy = for almost all 
X G M, then the cohomological equation V f = g has a solution f £ Tit 
such that UY2f G (^t)g',. 

(4) suppose t ^ 0. If g £ T-L'^ and g{x,y)dy = for almost all 
X G M, then the cohomological equation Vf = g has a solution f £ Ht 
such that Uf G CHt)^,. 

(5) suppose t 7^ 0. If g £ 'H'^ and g{x,y)dy = for almost all 
X G M, then for any n G N, the cohomological equation Vf = g has a 
solution f GTit such that Wf, UY2W f G ('Ht)g', for any < j < n. 



00 



(6) suppose t 7^ 0. If g G T-C^ and g{x,y)dy = for almost all x G 
M, then the cohomological equation Vf = g has a solution f G 7i° 
satisfying 

<Cs\\g\\s+6, Vs>0. 



(7) if g £ and g{x, y)dy = 0, then the cohomological equation 
Vf = Y2g has a solution f G H'^ satisfying 

\\f\\s<Ct\\g\\s+7, Vs>0. 

(8) if g £ Hf^ and the cohomological equation Vf = g has a solution 
f G Ht, then f G Ti^ and satisfies 

WfWs < cM\s+6, Vs>o. 
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The subsequent discussion will be devoted to the proof of this theorem. 

Definition 6.6. For any function /(x, y) on and any x G M, we associate 
a function defined on M by fxiv) = fix,y)- Then for any function 
/(xi,--- ,Xn) on and (x^,,-- - ,Xk^) G W^, fxk^,-,x^^ is an obviously 
defined function on M"^™. 

The following lemma gives the necessary condition under which there 
exists a solution to the cohomological equation Vf = g in each irreducible 
component {pt, Tit)- 

Lemma 6.7. Suppose g & Ht and Yig G Tit. Then 

(1) \g{x,y)\dy < oo for almost all x G M. 

(2) if the cohomological equation Vf = g has a solution f G Ht, then 
I^oo di-^^ y)dy = for almost all x G M. 

(3) if Y^g G Tit and /f^ ^(x, y)dy = 0, then /(x, y) = g{x, t + y)dt 
is an element in Tit with the estimate 

<2{\\g\\ + \\Y,g\\ + \\Y,'g\\). 



Proof Proof of 1^ For any h{x,y) G L^{R'^) denote by 0/, C M a fuh 
measure set such that G L^(M) for any x G J^h. For any x G Ugf]Q,Yig 
we have 

\9(.x,y)\dy 



\g{x,y)\dy + / \g{x,y)\dy 

(1) r - f 

<(/ \g{x,y)\'^dy)^+ I \g{x,y)y ■ y~^\dy 

J\v\<l J\v\>l 



|y|<i ■J\y\>i 
l?^l>i 



< {f \gix,y)\^dyy + {f Yig{x,y)^dyy{l y~''dy 



9 1 r 1 



|2/I>1 



< 



(/ \gix,y)\''dyy + {f Yig{x,y) ^dy^ 



(6.7) < \\gx\\L2(R) + \\(Xi9)x\\l^r), 

where IHIlz^jj) is the standard norm for functions over M. Note that 
(1) and (2) follow from Cauchy-Schwarz inequality. The above calculations 
show that gx G L-'^(M) for any x £ Clgf] ^Yig, which proves the claim. 

Proof of ([2]) By relations in (|4.ip of Lemma 14. 1^ the equation Vf = g 
has the expression 

-xdyf = g. 

Taking fourier transformation on factor y, we have 

(6.8) -f^{x,0-xCV^ = gi^{x,0 
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where 



1 



k{x,y)e 



dy, 



where k = f or g. 



The earher result shows that for any x S Qgf]^lYig, {g()x are continuous 
functions and g^{x,0) = J g{x,y)dy. From (|6.8p we see that {g^)x • S 
L^(M) for any x ^ Q f\0, which imphes that 

g{x,y)dy = g^{x,0) = 

for any x £ {Qg f] Q,^)\0. 

Proof of ([3]) The earher discussion shows that / is measurable. Note 
that 

\f{x,y)\^ <2{J^ \g{x,t + y)\dt) +2{J^ \g{x,t + y)\dt) . 

When y > 0, we will get estimates for the above two terms respectively. We 
have 



y>0 JO 



(1) 
< 



< 



< 



< 



0<y<l Jy 
2 



\9{x,t + y)\dtfdxdy 

ry+l r ry+^ 

(/ \g{x,t)\^dt)dxdy+ (/ \g{x,t)\^dt)dxdy 
Jy Jy>l Jy 

r ry^^ 

\g{x,t)\'^dtdx + (/ \g{x,t)t\'^ ■r'^dt)dxdy 

Jy>l Jy 

+ 1 (T^' \iYig)ix,t)\^dtdx)-y-^dy 
Jy>i Jy 

+ ■ f y-^dy 

Jv>l 



(6.9) 
and 



+ \\yi9f, 



y>o Ji 



< 



(2) 
< 



< 



aoo 2 
\g{x,t + y)\dt) dxdy 

POO 2 

( / \g{x,t)\dt) dxdy 
y>O^Jl+y 

POO 2 

( / \g{x,t)t^ ■ r'^\dt) dxdy 



y>o J^+y 



oo 2 

Yi'g{x,t) 



Y^g{x,t) 



dtdx 



dt ■ 



y>QJl+y 



1+y 

oo 



-2 



dVjdxdy 



t\-^dtdy 



(6.10) 



<-Q\\Yr'9f. 
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Note that (1) and (2) follow from Cauchy-Schwarz inequality. This shows 
that 

/ \fix,y)\^dxdy < 2{\\gf + \\Y,gf + hv^^gf). 

Jy>0 

Since /(x, y) = g{x, t + y)dt by assumption, we also have 

\f{x,y)\^ < 2( r \g{x,t + y)\dtf+2{l \g{x,t + y)\dtf . 

J — I J — oo 

In exactly the same manner as before we find that 




Hence we have 

( J \f{x,y)\''dxdyy< 2{\\g\\ + \\Yig\\ + l\\Y,'g\\), 

which proves the claim. □ 

The crucial step in proving Theorem 16.51 is: 

Lemma 6.8. For any irreducible component {pt, Tit) of SL{2,M.) x M^, if 
g € {T-lt)G' ^"-^ 5(^5 y)dy = for almost all x G M, then 

(1) the cohomological equation V f = Y2g has a solution f £ Tit with the 
estimate \\f\\ < 2\\g\\2. 

(2) further, f is in {'Ht)Qi and satisfies the Sobolev estimates 

(6.11) \\f\\G',r<Cr\\g\\G',r+3, Vr>0. 

Proof. The proof is divided in two parts: in the first part, we construct 
explicitly a solution in T-L and then give Sobolev estimates of the solution in 
the second part. 

Part I: Construction of the solution Recall notations in Section [33J 
Let n = {{x,y) G . ^ 0}, = {{x,y) G : |x| > a, y > 6} and 
— {y ^ ^ '■ y — '^}- Using relations in (j4.ip of Lemma 14.11 we have 
x^d^ = Y2X^f^ - YxV^f^ and then 

d^d^ o Y^ + dydyO Y^ 

(6.12) = -{Y2X - YiVf - 12Y^ + 6Y2{Y2X - Y^V) - V^Y^. 

For the vector fields dx and dy dxdx + dydy is the Laplace operator. By 
elliptic regularity theorem we find that Y.^g G W^iR"^) with the Sobolev 
estimate 

WYigWw^R^) < C\\dxdx{Yig) + dydy{Yig)\\+C\\Yig\\ < C\\g\U. 
Further, Sobolev imbedding theorem implies that 

(6.13) • x^llc-o = ||l"2'^5'llco < C\\Y^g\\w2(^^2) < C||5||g',4- 
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Note that Yi = —yy/^ and V = —xdy. In (j6.13|) . by substituting g with 
Y^g and Vg respectively, we get 

Wg • y'^x^Wco = \\yi9 ■ x^Wc'o < C||lf 5f||4 < C\\g\\G',6, and 

(6.14) \\dyg ■ x^llco = \\Vg ■ x^lbo < C\\Vg\U < C\\g\\G',5. 

Let f{x,y) = — g{x,t + y)dt. Lemma [6771 shows that f G Tit with the 
estimate ||/|| < 2||5||2. For any x ^ we have 

Q rco f<^ d 

dyf{x,y) = -^ g{x,t + y)dt = - —g{x,t + y)dt 
oy Jo Jo oy 

oo Q 

—g{x,t + y)dt = g{x,y). 
ot 

Of course, to justify differentiation under the integral sign, we must prove 
that /q°° ■^g(x,t + y)dt is a uniformly convergent integral. From above, 
however, we note that 

oo Q 

—g{x,t + y)dt = \g{x,r + y)\. 

So by (I6.14P for any a > and 6 G M, we can always make \gx{r + y)\ 
uniformly small on the set Qa,b by choosing r large enough. Therefore 
dyf{x,y) = g{x,y) on x M. Recall relations in (|4.ip . Hence we showed 
that 

(6.15) V{fV^) = Y^g. 
Hence we proved the first claim. 

Part II: Sobolev estimates of the solution on G' . 
Sobolev estimates along Y2. Note that for any n G N, 



{Y^g){x,y)dy = Q 

•I — oo 

for almost all x G M and 

POO 

{Y^f){x,y) = - {Y^g){x,t + y)dt. 
Jo 

Then it follows from Q of Lemma 16.71 that 

(6.16) ||y2"/ll < CWY^^gh < C\\g\\G',n+2, Vn G N. 

Sobolev estimates along V. Using (16.150 we see that 

(6.17) = W-'Y2g\\ < \\g\\G',n Vn G N. 

Sobolev estimates along Yi. By relations in (14. ip . we see that 

roo 

{Yrf)ix,y) = - g{x,t + y)y^dt. 
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From the relation 

\iY,^f){x,y)\^ <2{j\g{x,t + y)y^\dtY+2{J^^ \g{x,t + y)y^\dt)\ 

it suffices to get estimates for tlie above two terms respectively. For any 
n S N we have 

"1 2 
g{x,t + y)y'^ dt) dxdy 



y>0 JO 



< 



y>Q VO 



y>Q JO 



g{x,t + y){t + yY dt) dxdy 
{f\{Y{'g){x,t + y)\dtfdxdy 



and 



< 



y>0 VI 

I ( 

y>0 VI 
( 



g{x,t + y)y"' dt) dxdy 

g{x,t + y){t + yY dt) dxdy 
iY,^g)ix,t + y)\dt) dxdy. 



In (I6.9P and (I6.10p substituting g with Y{^g we get 





g{x 


t + y)y'' 










g{x 





rn+l\\2 



and 



rn+2\\2 



(6.18) 

Jy>0 

which gives 

/ \Y^f{x,y)\^dxdy < \\Y,^gf + \\Y-+'gf + l\\Y-+'g\\. 

Jy>0 O 

By assumption, we also have (Y]"/)(x,y) = J^^g{x,t->ry)y'^dt and the 
relation 

my){x, < 2( 1° \g{x, t + y)y"|dt)'+2( J'^ \g{x, t + y)y^\dt)\ 
In exactly the same manner as before we find that 
(6.19) 



1, 



\Y,-f{x,yrdxdy < \\Y{^gr + ^r^^f + ^^^^511. 

y<0 O 

For any n S N the above discussion gives 

(6.20) ||yi"/|| < 2{\\Yrg\\ + \\Y,-+'g\\ + rr'sll) < 2||5||G',n+2. 

Sobolev estimates along X. Using relations in (j4.ip we get 

xVdcc = YIY2X - Y^V. 
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In (KW\ . by substituting g with Yj^Y2Xg - Y^Vg, we get 
Wd^g ■ xWWco = \\{ylY2Xg - Y^^Vg)x^\\co 
<C\\Y-'Y2Xg-Y,^Vg\\G',A 
(6.21) < C\\g\\G',9. 

Since g G 71°°, ([T|) of Lemma [6.71 (j6.2ip shows that for any x ^ shows that 
J(Xg){x,y)dy < oo for almost all x G M. Further, for almost all x G M, 
formally we have 



iXg)ix,y)dy 



(4) 
(2) 



d^g ■ X + dyg ■ y)dy 
d^g ■ xdy + j dyg ■ ydy 
9x9 ■ xdy - / gdy 



(6.22) 



9x9 ■ xdy 



(3) 



0. 



From ()6.2ip . we find that for any x G M\0 {9xg)x and {9xg ■ y)x are both in 
L^(M). In (I6.7p . substituting g with dxg, we see that / {dxg-x)dy < 00 for any 
x G M\0, which gives (1). (I6.14P shows that for any x 7^ 0, flf-y — )• as y — )• 0, 
which justifies (2). Finally, to justify differentiation under the integral sign, 
we must prove that for any x / 0, ^fi'(^) y)dy is a uniformly convergent 
integral in a small neighborhood of x. From (j6.2ip we see that dxg ■ y^ is 
uniformly bounded on the set = {{x,y) G M^, |x| > a}, a > 0. For any 
ri, r2 > r we have 

-r2 Q 

-g{x,y)dy 



d 



dx 



g{x,y)dy 



+ 



9x' 



< 



< 2 



00 Q 



y dy 



+ 



''■2 d o 



y dy 



9 t N 3 
Q-^9{x,y)y 



(cona) 



'dy) 



d 



3^3qi6 II Qj. 



9{x,y)y'^ 



ICO' 



which gives (3). Then we just showed that: 

(*) if / gdy = for almost all x G M then / {Xg)dy = for almost all x G M. 

Then inductively, we see that for any n G N, / {X^g)dy = for almost all 
X G M. Next, we will prove by induction that for any n G N, X^ f G T-Lt and 
is a solution of the equation 

(6.23) V{X^f) = Y2qn{X)g, 

where qn is a polynomial of degree n. 

(*) and the conclusion in earlier part show that the equation 

Vh = Y2{Xg + g) 
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has a solution h £ Tit with estimates 

\\h\\<2\\Xg + g\\2<C\\g\\3. 

Using the commutator relations 

XY2-Y2X = -Y2, XV-VX = -2V, and VY2 = Y2V, 

for any cj G Ti"^ we have 

{h, Vio) = -{Vh, u) = -{Y2{Xg + g),uj) = -{{XY2 + 2Y2)g, u) 

= -{Y2g, (2 - X)u) = -{Vf, (2 - X)oj) = (/, V{2 - X)uj) 
= -if, XVu) 

Proposition 14.51 shows that there is no non-trivial S'L(2, M)-invariant vectors 
in Tit- Applying Lemma [6.31 to the above relation we get Xf = h. Thus the 
estimate of h gives \\Xf\\ < C\\g\\G',3- Then we proved the case when n = 1. 
Suppose (j6.23p holds when n < k. Earlier arguments show that 

J [qk{X){Xg) +g)dy = for almost all x £R. 

Along the proof line of the case of n = 1, we can show that X^~^^f is in Tit 
and satisfies the equation 

= Y2(qk{X){Xg)+g)= Y2qk+i{X)g 

with the estimate 

||X^+Vll < C\\qk{X){Xg)+g\\2 < CMg' ,k+3- 

Hence we proved the case when n < k + 1 and thus obtained 

(6.24) ||^"/|| < Cn||5llG',n+2, VnGN. 

Then (j6.1ip follows directly from estimates in (j6.16p . (I6.17j) . (I6.20p and 
dOi]) and Theorem [331 □ 

Remark 6.9. Without the condition "/ gdy = for almost all x G R" we 
can just as well define /(x, y) = — g{x, t + y)dt and show that 

V{fV^) = Y2g, onnxR. 

Being able to write f{x, y) = g{x, t + y)dt, is what allows us to explore 
the L2(M2) and {'Ht)G' properties of /. 

We obtained Sobolev estimates long V, Yi and Y2 by explicit calculation. 
To get smoothness of along X, we make use of the "centralizer trick" that 
first appeared in Proposition 16.41 which will play the key role in next part 
to get smoothness along U. 

We are now in a position to proceed with the proof of Proposition 16.51 
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6.4. Proof of Theorem 16. 5L Proof of ([T]). If / is smooth, then immedi- 
ately we see that 'D{g) = for all V £ Ssi^-), where S = {exp{tV)}t£R- By 
using Proposition 16.41 we get the estimates 

(6.25) \\Y2"'f\\sL(2,R),r<Ct,s\\9\\s, Vr<s-m-l. 

Note that the constants Ct^s are independent of the parameter t since all 
Pt |5L(2,R) are outside a fixed neighborhood the trivial representation in the 
sense of Fell topology by Remark 14. 7i 

([2]) of Lemma 16.71 shows that / gdy = for almost all x G M. Moreover, 
by arguments in the first part of the proof of Lemma 16.81 we find that 



/ g{x,t + y)-y''dt, y>0 
Jo 



g{x,t + y)-y'^dt, y<0. 



fix,y) ■ xy''' 



for any n S N. From (16.18^ and (]6.19p we see that 

ri">2/|| = \\fix,y) ■ xy^ < C\\g\\n+2, Vn E N. 

From above relation and (I6.25p . by using Theorem 13.51 we see that 
satisfies the estimates 

(6.26) \\Y2f\U < Cs\\g\\s+3, Vs>0. 

Using the commutator relation 

VY-^ = Y^V + nyf -1^2 

we have 

VY^f = {Y^V + mY:^-^Y2)f = Y^g + my/^-^Fs/, V m e N, 
which implies that 

(1) 



< CWYrg + mY^^Y^fh 

< C'||5'l|m+2 + C'm||/||m+2 



(6.27) — Cm||5l|m+5- 

(1) follows from Lemma 16.71 and 16.81 and (2) holds because of (j6.26p . 
As an immediate consequence of ()6.25p , ()6.27p and Theorem 13.51 we get 



<Cs\\g\\s+6 Vs>0, 
which proves ([T]). 

Proof of By Lemma EH there exists / G ('Ht)g', such that Vf = 
Y2g. For any oj G Ti^, by using the commutator relations UV = X + VU 
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and VY2 = Y2V we have 

{Yi{UY2g-Xf),cj) 
= -{Y2g, UYiu) + {f, XYiuj) 
= -{Vf, UYiu) + {f, XYiuj) 
= if, {VU + X)YiLo) 

(6.28) = (/, UVYiio) = if, UYiVu). 
By relations in (14. ip we get 

UY^ = -ty/^ + VY^ - XY2Y1 and 

(6.29) UYi V = -tVV^ + VY^ V - XY2Y1V. 
Since / G {'Ht)^/, using above expressions we have 

(6.30) (/, UY^^Vlo) = {V{t^/^+Y^^V - ^1^2^)/, u). 
dOSIl and (lOOD imply that 

(6.31) V{tV^ + Y,^V - Y^Y2X)f = Yi{UY2g - Xf), 
which gives the relation 

J {UY2g{x, y) - Xf{x, y))dy = for almost all x G M 

by using ([2|) Lemma [6.71 Then it follows from Lemma [6.81 that the equation 

(6.32) Vh = Y2{UY2g-Xf). 

has a solution h £ {Ht)'Qi. Comparing (I6.3ip and ()6.32p we find that 

f -x'^ = -t-\h + YiXf -Y^g). 
Then we see that / • {x\/—l)^'^ G i'^t)c' ^^'^ satisfies the equation 

V{f-{xV^)-^)=g, 

which proves ([2]). 

Proof of (l3|) . Prom ([2]) we see that the cohomological equation Vf = g 
has a solution / G {T-Lt)Qi- For any uo G by using the commutator 

relations VU = UV — X and VY2 = Y2V we have 

{Yi{Ug-Xf),oo) 

= -(g, UYiu:) + {f, XY^oo) 

= if, {VU + X)Yiu) = if, UYiVuj) 

{v{tV^ + y^V - YiY2X)f, w), 

where (1) follows from (j6.29p . which gives the equation 

V{t^ + Y^^V - YiY2X)f = Yi{Ug - Xf). 
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Then it follows from ([2]) Lemma 16.71 that 

(6.33) J (Ug{x, y) - Xf{x, y))dy = 0, for almost all x G M, 

which implies that the following equation 

Vh = Y2{Ug-Xf) 

has a solution h G (^t)^' by using Lemma ESI 
For any uj G , by using commutator relations 

VU = UV - X, UY2 - Y2U = Yi, and VY2 = Y2V 

we have 

-{h,Vuj) = {Y2{Ug-Xf),u) = {g, UY2C0) - (/, XY2UJ) 
= -if, (VU + X)Y2Uj) = -if, UY2VU) 
= -if, {Y2U + Yi)Vio) = {Y2f, UVoj) + {Yif, Voj). 

Hence we have 

-{h + Yif,Vco) = {Y2f,UVuj). 

This shows that 

UY2f = h + Yif 

by Remark 14.71 and Lemma 16.31 which means that UY2f G {'Ht)Qi- 

Proof of dH). We take notations in ([3]). Since Xf satisfies the equation 

(6.34) V{Xf) = Xg + 2g, 

([2]) of Lemma EZl and §i) show that UY2Xf G (^t)^,, which allows us to 
see that the equation 

Vh = Ug-Xf 

has solution hi G {'Ht)'G' by using (|6.33p and ([2]). 

Then for any uj G Ti-t^ ^ by using the commutator relation VU = UV — X 
we have 

-{hi,Vu) = {Ug - Xf, uj) = -{g, Uu) + (/, Xu) 
= if, {VU + X)u) = {f,UVu). 

This shows that Uf = hi by Lemma 16.31 and Remark 14.71 Hence Uf G 

Proof of ([5]). We will prove ([5]) inductively. Note that Xf is the solution 
of (iOijl . dsn of Lemma EH and (g]) show that UXf G (^t)g'/. 
For any lo G T-L°°, by using the commutator relation 

VU^ = U^V - 2UX - 2U and VY2 = Y2V 
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and ()6.29p we have 

{Yi{U^g-2UXf -2Uf),u) 
= {Yi(U^Vf - 2UXf - 2Uf), u) 
= -{f,U^VYioj) = {Uf, UYiVoj) 
= {V{tV^ + Y:}V - Y^Y2X)Uf, u). 

Then we get 

V{t^/^+Y^V - YiY2X)Uf = Yi{U^g - 2UXf - 2Uf). 
Then by ^ of Lemma 16.71 we have 

J {U'^g{x,y) - 2UXf{x,y) - 2Uf{x,y))dy = 0, for almost ah x E M, 

which imphes that the equation 

Vh2=Y2{U^g-2UXf -2Uf). 

has a solution /12 G (^t)^' using Lemma [6^ again. For any to £ T-lt°, by 
using the commutator relations 

VU'^ = U^V - 2UX - 2U and UY2 - Y2U = Yi 

we have 

-{h2,Vio) = {Y2{U^g-2UXf -2Uf),io) 

= {Y2{U^Vf -2UXf -2Uf),oj) 
= if, U^VY2u) = -{Uf, UY2Vio) 
= -{Uf, iY2U + Yi)Vu;) 
= {Y2Uf,UVoj) + {YiUf, Vlo). 

Hence we have 

-{h2 + YiUf, Vio) = {Y2Uf, UVio) 

This shows that 

UY2Uf = h2 + YiUf 

by Remark 14.71 and Lemma 16.31 Hence UY2U f G (^1)0'- Then we proved 
the case when n = 1. Assume the result for n = k. Since Xf is the solution 
of the equation (lOD . by assumption U'^Xf, U'^f, UY2U^Xf and UY2U'' f 
are ah in {%t)G'- Note that 

XU^ = U^X + ekU^, and 
(6.35) U^^^V = VU^^^ +dkU^X + CkU^, 
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where d^, Ck are constants dependent on k. For any u G Hf' , by using ()6.29p 
and (|6.35p we have 

{Yi{U^+^g - dkU^Xf - CkU'^f), u) 

= {Yi{u''+'Vf - dkU'^Xf - CkU'f), iv) 

= {VitV^ + Y^^V - YiY2X)U''f, io). 

Hence we have 

V{tV^ + Y,^V - Y^Y2X)U^f = Yi{u''+'Y2g - dj^U^Xf - CkU^f). 
^ of Lemma 16.71 shows that 

J (u''+'g{x,y) - dkU''Xf{x,y) - CkU'' f{x,y))dy = 

for almost all x G M, which implies that the equation 

(6.36) Vh3 = U'^+'g - dkU'^Xf - CkU'^f 

has a solution /13 G iJ~it)G' by using ([2]). For any u G "^4°, by using ()6.35p 
we have 

-(/is, Vu:) = {U^+^g - dkU'^Xf - CkU'^f, u) 
= {U'^+'Vf - dkU'^Xf - CkU'^f, oj) 

= {U^f, UVij). 

This shows that U^^^f = /13 by Remark 14.71 and Lemma I6.3[ Hence 
Ijk+ij g {7it)Q,. Since Xf is the solution of the equation (|6.34p . in the 
earlier argument, substituting g and / by Xg + 2g and Xf respectively, we 
get U^+^Xf G CHt)^,. 

By ()6.35p and commutator relations VU = UV — X we have 

= {VU + X)C/^+i + dkU^^^X + CkU^^^ 

(6.37) = VU^+'^ + dkU^+^X + CkU^+^ + XU^+\ 
For any a; G 7^°°, by (16:291) and (fOTp we have 

{Yi{u'^'g - duU'^^Xf - cuU^+^f - XU^+'f),u^) 
= {Yi{U^+^Vf - dkU'^+^Xf - CkW'+'f - XU^+^f),u:) 
= {-if^^if, U'^+^VYiuj) = (C/^+V, UYiVuj) 
= {VitV^ + Y^V -YiY2X)U^+^f, oj). 
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Then we get 

V{t^/^ + Y^V - YiY2X)U^+^f 
= Yi{U^+^g - dkU'^+'Xf - CkW'+^f - XU'+^f). 
Then by Lemma 16.71 we have 

J [U^+^g - dkU^^^Xf - CkU'^+'f - XU''+'f)dy = 0. 

for almost all x G M, which implies that the equation 

Vh, = Y2{u'+^g - dkU'^+^Xf - CkU^+^f - XU^+^f) 

has a solution /14 G {T~it)G' by using Lemma [6^ For any oj G , using the 
commutator relations UY2 — Y2U = Yi and VY2 = Y2V and ()6.37p we have 

-{h,,Vu) = {Y2{U^+^g - dkU^+^Xf - CkU'+^f - XU^+^f ),uj) 

= (y2(f/'+V/ - dkU^+^xf - cuU^+^f - xu'^+'f ), u) 
= {-if^\f, f/'^+Vysw) = UY2VU:) 

= (-l)(C/^+V, {Y2U + Y^)Vu:) 

= {Y2U^^^f, UVlo) + {YiU^+^f, Vuj). 

Hence we have 

-{h^ + YiU'^+^f, Voj) = {Y2U''+^f, UVlo) 

This shows that 

UY2U''^^f = hi + FiC/^+V 

by Remark 14.71 and Lemma 16.31 which means UY2U''+^f G (nt)^,. Then we 
proved case when n = k + 1. Hence we proved the claim completely. 

Proof of ([6|) . From ([2|) and ([5]) , by using Theorem 13.61 we get / G H'^ ; 
and the Sobolev estimates follow from ([1]) immediately. 

Proof of ([7]). When t 7^ it follows from ([6]) the equation Vf = g 
has a solution /' G Since VY2 = Y2V, we see that V(Y2f') = Y2g, 

which shows that / = V2/' is a smooth solution to the equation Vf = Y2g. 
The Sobolev estimates follow from ([1]) immediately. When t = 0, Lemma 
16.81 implies the equation Vf = Y2g has a solution / G {J-Lt)Qi. Note that 
Po |5L(2.R) only contains principal series (see Remark 14. 4p . Lemma 4.7 in 
[5] states that for any unitary representation {g,C) of SL(2,M) that only 
contains principal series, if the cohomological equation has a solution in 
C, then the solution is a smooth vector in C. Hence wee see that / G 
(^0)52,(2 R)- Since the Lie algebras of G' and S'L(2,M) cover the Lie algebra 
of 5L(2,'m) k by using Theorem [Ml we see that / G TL^. Also, the 
Sobolev estimates follow from ([1]) immediately. 

Proof of dH]). For t 7^ 0, (l2|) of Lemma [6T71 and ([6]) implies the conclusion. 
For t = 0, arguments in ([7]) show that / G {^^o)^L(2R)■ © Lemma IHTfl 
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and ([7]) show that the equation Vh = Y2g has a solution h G ^o°- -^^^ 
oj G ^(f , we have 

-{h,Vuj) = {¥29,00) = -{Vf,Y20j) = {f,Y2Vuj). 

This shows that I2/ = ^ by Remark 14.71 and Lemma 16.31 Then 1^2/ G ^o°- 
Note that Xf is the solution of equation ()6.34p . Substituting g and / with 
Xg + 2g and Xf respectively, we see that Y2Xf G ^o°- Since Uf is the 
solution of equation FJ// = Ug — Xf, by (j2]) of Lemma [6771 we get 

y" {Ug - Xf)dy = for almost all x G M, 

which shows that the equation 

Vhi = Y2{Ug-Xf) 

has a solution /ii G by using ([7]). For any oj G from the commutator 
relation VU = UV — X we have 

-{hi,Vu) = {Y2{Ug - Xf),uj) = -{{UVf - Xf), Y2C0) 
= -{f,UY2Voj) = {Uf,Y2VLo). 

This shows that Y2U f = hi by Remark 14.71 and Lemma 16.31 Hence Y2U f G 
. Using the relation UY2 — Y2U = Yi, for any co G h-sve 

-{f,Yico) = -(/, {UY2 - Y2U)u) = {{UY2 - Y2U)f, u). 

This shows that 

Yif = {UY2 - Y2U)f. 

Hence Yif G 'H'q'. We already have showed that I2/ £ ^0° and / G 
{T~io)s^L{2R)^ which implies that / G T-Lq^ by Theorem 13.61 Also, the Sobolev 
estimates follow from ([T|) immediately. 

6.5. Global coboundary for the unipotent flow in G = SL{2,M.) x M?. 
Let (vr,?^) be a unitary representation of S'L(2,R) x without non-trivial 
R^-invariant vectors. We now discuss how to obtain a global solution from 
the solution which exists in each irreducible component of 7i. By general 
arguments in Section l3^ there is a direct decomposition oiTi = Tizdfi{z) 
of irreducible unitary representations of G for some measure space {Z, fi). If 
TT has no non-trivial R'^-invariant vectors, then for almost all z ^ Z, has 
non-trivial R'^-invariant vectors. Hence we can apply Theorem 16.51 to prove 
the following: 

Corollary 6.10. Let {it,'H) he a unitary representation of SL{2,M.) x R^ 
without non-trivial M."^ -invariant vectors. If g £ T-L^ and the cohomological 
equation V f = g has a solution f & Ti, then f G 71°° and satisfies 

\\f\\t<Ct\\g\\t+(>, yt>o. 
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Proof. The cohomological equation Vf = g has a decomposition V fz = Qz 
with Qz E "Hf^ for almost all z ^ Z. ([8]) of Theorem 16.51 shows that 



Remark 6.11. We remark at this point that the condition / gdy = is not 
sufficient to guarantee the existence of a solution f ^Utoi the cohomological 
equation V f = g for any irreducible component [pt, Tit)- The problem 
only arises at t = 0. li g = h{x)h{y) where h is a smooth function on M 
with compact support and satisfies: /i = 1 on [—1,1] and j h{x)dx = 0. 
Obviously, g E T-L^ ■ If / E "Wo is a solution to the cohomological equation 
V f = g, then we have —dyf-x = g which has the form 



by taking Fourier transformation on fact y as in (j6.8p . Then / gdy = 
implies that h{^) ■ E -L^(M), but h{x) ■ x~^ ^ L^(M) by assumption. 
Then we have a contradiction. Noting that ([7]) of Theorem 16.51 shows that 
the equation Vp = Y2g has a solution p E Ti^^ , the example also means that 
the cocycle equation Vp = I25 foils to have a common solution in T-Lq. 

6.6. Coboundary for the unipotent flow^ of G = SL(n,M), n > 3. 
Before proceeding further with the proof of Theorem 12. H we prove certain 
technical results which are very useful for the discussion. 

Definition 6.12. For m > 3, let Gm be the closed subgroup generated by 
t^i,2, t^2,i, f^i,m, and U2,m and let Hm be the subgroup generated by Ui^2, 
U2,i, Um,i, and ^7^,2- 

Then Gm and Hm are isomorphic to 5L(2,M) k M?. Let A = {ui^j, Uj^i : 
j > 3, i > 2}. Next, we will prove: 

Lemma 6.13. Let IT 6e a unitary representation of G = SL{n,M), n > 3 
without non-trivial G-fixed vectors. //ui^2/ = 9 where g E has a solution 
f e 7i, then for any n E N and Yi £ A, 1 < i < n, Yi - ■ ■ Y^f E Uq and 
Yi---Ynf e'H^^,m>?,. 

Proof. We will prove the lemma inductively. Since vr and vr \Hm^ m > 3 
have no M^-invariant vectors by Howe-Moore, Applying Corollary 16.101 to 
the equation Ui^2/ = 5 in each vr and n \h„^, m > 3 we find that / is in 
all and "H^ , m > 3. 

Using the relations Ui^2Ui,i = Ui_jUi_2, ^ > 2, and Ui_2Uj^2 = ^^^2^1,2, i > 3 
we see that Ui^j/ and Uj_2/ satisfy the following equations 

(6.38) Ui,2Ui,i/ = Ui,i5 and 



WfzWt < Ct\\gz\\t+e, Vt>0andVzE2' 
Noting that Cj are constants only dependent on t, we get 




which proves the claim. 



□ 



• x^V^ = h{x)h{0 



(6.39) 



Ul,2Uj, 2/ = Uj, 25- 
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Applying Corollary l6.10l to the above two equations in each vr and vr 
m > 3, we also get that Ui^j/ and Uj^2/ are in all T-Lq^ and T^h^, m > 3. 

In vr , by using the relation ui,2Uj,i = Uj,iUi,2— Uj,2, we see Uj^if satisfies 
the equation 

(6-40) Ui,2Uj, i/ = Uj- 15 - Uj- 2/. 

Note the right side of the above equation is in 'H'q^ and m > 3 by 

earlier arguments. Then the same arguments as above show that uj^if, j > 3 
are in all T-Lq and Ti'^ , m > 3. Then we proved the claim when n = 1. 

Assume the result for n = k. Since 11^,2/ is the solution of ()6.39p for each 
i > 3, by assumption we see that 

(6.41) Y^---YkUj,2f and Y^---Ykf 

where Yi e A, 1 < i < k aie in all 'H'^^ and Tic^, m > 3. For any Yi e A, 
1 < i < k + 1, we have relations 

Ul,2^2 • • • Yk+i =Y2--- yfc+lUi,2 + diY2 ■ ■ ■ Yi^iYi+i ■ ■ ■ yfe+lUj(i)^2 

i 

(6.42) + J2 Cm^2 • • • Yi^iY,+i ■ ■ ■ Yj^iUi,2Yj+i ■ ■ ■ Y^+i, 

where di and qj are constants and > 3 satisfies / [Yi, ui^2] = %(i),2- 
Let ' 

/' = ^2 • • • Yk+ig + diY2 ■ ■ ■ Yi^iYi+i ■ ■ ■ yfc+iUj(j)_2/ 

i 

+ Y • • • • • • y,_iui,2yj+i • • • n+i/. 

i 

From (j6.41|) . we see that /' and Yf are in all 'Hq'^ and "H^^, m > 3 for 
any Y £ A. For any uj £ 71°° , using 111^2/ = 9 and (j6.42p we have 

(/', u) = {-lf+\f, n+i • • • r2Ui,2w) = -{Y2 ■ ■ ■ Yk+J, ui,2a;) 
This shows that 

ui,2i2---n+i/ = /'. 

Since I2 ■ ■ ■ ^fc+i/ and /' are in 'Hq'^ and "H^^, m > 3, an argument similar 
to that in obtaining (j6.38p and (|6.39p shows that 

Ui,2Ui,iY2- ■ -Yk+if = ui^if' yi>2, and 

Ul,2Uj, 2^2 • • • Yk+if = Uj- 2/ V j > 3. 

Since Ui^j/' and Uj,2/' are in all '^Hm^ m > 3, in exactly the same 

manner as before we see that for i >2 and j > 3 

Ui,iY2 ■ ■ ■ Yk+if and u^- 2^2 • • • ^fc+i/ 

are in all Tio" and 'H'^ , m > 3. Also, an analogous argument to that in 
obtaining (j6.40p shows that 

Ui,2Uj, 1I2 • • • Yk+if = Uj- 1/' - Uj- 21^2 • • • Yk+if. 
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Since the right side the above equation is in ah 'H'q^ and T~LJ^^, > 3, by 
exactly the same argument we see that Uj,il2 • • • Yk+if are in ah Hq^ and 
'H'^^, m > 3. Then we proved the case when n = k + 1 and thus finish the 
proof. □ 

Remark 6.14. The purpose of the above lemma is a preparation to prove 
that / G 71°^. If r is cocompact and 7i = L'q{G/T), the space of square 
integrable functions on G/T with zero average, then the fact that / is in all 
T^'q^ and T^H^, m > 3 implies that / is a smooth function. Since the Lie 
algebras of Gm and Hm, m > 3 generate the whole Lie algebra of G, the 
result is a direct consequence of subelliptic regularity theorem on compact 
manifolds (see Theorem 13. 6|) . 

6.7. Proof of Theorem 12.11 Note that the Weyl group operates simply 
transitive on the set of Weyl chambers, we may assume that Uij = Ui^2- We 
take notations in Lemma 16.131 if there is no confusion. 
Proof of ([1]) Since for i > 3 and j > 2, 

= {Ui,lUlJ - UljUi^i) , 

where Xj^^i = diag(0, • • • , 1, • • • , —1, • • • ,0) G s[(n, M), it follows from Lemma 

[6331 that uljf £ n and Xf^^J G % for each n. 

Let B = {uj^2 5 ^2,j,j ^ 3}. Along the same lines as that of the proof 
of Lemma 16.131 we can show that for any n G N and Yi G B 1 < i < n, 
Yi---Ynf £n. Since 

^2,3 = (^2,3^*3,2 - ^^3,2^^2,3)", 

it follows that ^23/ ^ ^ each n. Since the Lie algebras of Gm and Hm, 
m > 3, directions Uij, i > 3, j > 2 and Xj^j+i, i > 2 cover s[(n,M), by 
using Theorem 13.61 we see that / G T-L"", which implies that T>{g) = for 
all T> G Sjji 2(^)- Then it follows from Proposition 16.41 that for any m G N, 
^) J > 3 and 1 < k ^ I < n 

WUl^jfW < Cm\\g\\m+2 and < Gm\\9\\m+2. 

Moreover, Corollary 16.101 shows that 

\\f\\Gm,t < Ct\\g\\G^,t+6 and \\f\\H^,t<Ct\\g\\Hm,t+6, Vt > 0. 

Then the Sobolev estimates of / follow from the above estimates and The- 
orem [3]6l 

Proof of ([2]) To apply Proposition l6.4( it suffices to prove that vr \g^^ ^ has a 
spectral gap. By Howe-moore, vr has no non-trivial M^-invariant vectors. 
Then Remark 14.71 shows that vr |gi,^2 outside a fixed neighborhood of 
trivial representation in the Fell topology, which proves the claim. Then the 
result follows immediately from Proposition 16.41 
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6.8. Weak cocycle rigidity in G = S'L(2,M) x M^. Remark [6.111 shows 
that generahy, the cocycle equation Vf = Y2g fails to have common solu- 
tions. However, we have a weak version of cocycle rigidity: 

Lemma 6.15. Let (vr,'H) be a unitary representation of SL{2,M) tKM? with- 
out non-trivial M? -invariant vectors. If f, g G T-L°° and g = Y2P for some 
p G V."^ , then the cocycle equation Vf = Y2g has a common solution h G T-L°^ 
with estimates 

\\h\\s < Csmax{||c/||^+6, ll/ll^+e}- 

Proof. The discussion in Section 16.51 allows us to reduce our analysis of 
cocycle equations to each irreducible component {pt, Ht) that appears in 
Ti. If t / for the cocycle equation Vft = Y2gt in T-Lf, (12]) of Lemma Wl\ 
shows that j{gt{x,y) ■ x)dy for almost all x G M. Then immediately, we get 
/ gtdy = for almost all x G M, which shows that the equation Vht = gt has 
a solution ht G 71°° by using ([6]) of Theorem 16.51 Lemma 14.81 shows that ht 
is a common solution. 

If t = 0, the assumption means that 

-dyfo • X = Vfo = I250 = Y2Y2P0 = -po • x^, 

which implies that / ptdy = for almost all x G M by ([2]) of Lemma 16.71 
Then the equation Vho = Y2P0 = g has a solution /iq G 'H°° by using ([7]) of 
Theorem 16.51 Again, Lemma 14.81 show that /iq is a common solution. 

Hence we showed the existence of the common solution ht in all T-Lt that 
appear in %. Further, ([8]) of Theorem 16.51 gives the Sobolev estimates 

\\ht\\s < Csmax{||gt 11^+6, ll/ills+e} 

for any such ht. Since these constants Cs are independent of t, we get a 
global common solution h G 7^°° with Sobolev estimates 

\\h\\s < Csmax{||c/||s+6, ll/IU+e}, 
which proves the claim. □ 

7. Cocycle rigidity for (5L(2,M) k M?) x 
In this part we assume notation in Section 14.31 Recall that L denotes 

h\ 

the rank 2 subgroup I ) in M^. Suppose the group (5L(2,M) k M^) x M'^ 

is as described in Section 14.31 The purpose of this section is to prove the 
following: 

Proposition 7.1. For any unitary representation (H,?^) of (5'L(2,]R) x 
M^) X R'^ without non-trivial L-invariant vectors, if f, g ^ H'^, 

(1) the cocycle equation Uif = I25 has a common solution p G 
satisfying 

\\p\\s < Csmax{||c/||s+7, ll/lls+7}, 
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(2) if g = Yih for some h G T-l°° , the cocycle equation Uif = U2g has a 
common solution p €z H satisfying 

\\p\\s < Csraax{\\g\\s+7, ||/|U+7}- 

Next, we will prove some technical results whose roles will be clear from 
the subsequent development. 

7.1. Unitary representations of S = 5L(2,M) x M. Let S denote the 



'a b 

following subgroup of (S'L(2,M)xM^)xE^: { c d 

,0 1 



), where ( " ^ ) S 



V, 



SL{2,M) and ?; G M. For any z, t, r G M we define a unitary representation 
of S as follows: for each z G M the group action S is defined by: 

rit,r,z)is)fix, y) = e(?'i-+f2*— )v^/(-cy + xa, yd - bx); 

and 



' (t,r,z) 



L2 



where s 




0^ 

I ) Pi = cx~^{xa — cy)^^ and p2 = zpi. 



Vy 

The vector fields for T(^t,r,z) on Y(^t,r,z) suce 

X = xdx - ydy, Ui = -xdy, Y3 = -zy/^, 

Vi = -yd^ + (r + tz)x~^V^. 

Compared with Lemma 14.21 we see that for any z, t, r G M, T^t,r,z) are 
unitary representations of S. 

7.2. Decomposition of into direct integrals of representations 

on S. For any t, r G M, set 

Y(t,,r) = I Y(t_r_z)dz. 



'{t,r) = J ^{t,r,z) 

From the discussion in Section l3.ll we see that M.(^t.r) = -^^'^(K'^,C) and 
V(^^^) = l2(R, L2(]R2^ C)). Define a map 

L'■^(M^ C) A l2(M, l2(]R^ C)) : T{h){z){x, y) = h{x, y, z) 

for any h G -L^(M^,C). It is clear that T is injective and unitary. Then 
^(t^r) can be unitarily imbedded in to Y (t,T)- Conversely, for any k G 
L2(M, l2(]R2^C)), the map 

\ {k[z),Hh){z)) dz 
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defines a bounded linear function on L'^(M'^,C). Then by Riesz representa- 
tion theorem, there exists a unique element ^{k) in L^(IR^,C) such that 



for any h E L'^(R^,C). It is easy to check that T is unitary and surjective. 



Since J-" o J-{h) = h for any h G L'^(R'^,C), is a unitary isomorphism. 
Moreover, by definition, it is clear that 



for any {t,r) £ E?, where s G S and h £ ^[t,r)- Then we have: 
Lemma 7.2. The map L^{R^,C) ^ ^^(M, l2(]R2^ C)).■ 
/l(x, y, z) — )• / T{h){z)dz where T{h){z){x,y) = h{x,y, z) 



establishes unitary equivalences between unitary representations (n(^ ,,),EI(^ ,.)) 
and (/]jjr(t^r_2)dz,V(t^r)) overS. 

Hence we can write 

(7.1) M(^t,r) = / '^{t,r,z)dz and U(^t,r) = / ^t,r,z)dz 

over §. 

7.3. Cocycle rigidity in {T(^t,r,z),^{t,r,z))- 

Lemma 7.3. For any r G M, there exists a full measure set $7 C M such 
that: for any z £ fl and any f,g£ '^'(trz)' cocycle equation Uif = Y^g 



has a solution p G ^(t,r,z) satisfying \\p\\ < C||5||2. 

(S 

, where ^) G SL{2, 



Proof. Let Si denote the following subgroup of (5L(2,M) k M?) k which 

/a b 

is isomorphic to S'L(2, M) k M^: j c d 

Vo 1 

and {vi,V2Y G M?. Since H^^,,) has no non-trivial M^-invariant vectors 
for any i, r G M (see Section HT2|) . Corollarv 14.61 shows that ^(t,r) Isl(2,r) is 
tempered. Hence it follows from Theorem 13. 31 that there exists a full measure 
set O C M such that T(t,s,2) |5L(2.R) is tempered for almost all z £ Q. 

For any z £ J7\0, in iT(^t,r,z)^^(t,r,z)) the cocycle equation has the expres- 
sion 

-dyf ■x = g- {-z\r-i). 

Let p = f ■ z~^\/—l. It is clear that p £ V^^^-j and is a common solution 
to the cocycle equation, that is Uip = g and Y^p = f. Then it follows from 
Theorem 16. II that ||p|| < CII5II2. Note that by Remark I4.7I C is independent 
of t, r, z. □ 
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The discussion in Section 16.51 shows that the following result is a direct 
consequence of Lemma 17.31 and the decomposition in (]7.ip : 

Lemma 7.4. In (EI(^ H^^ if f, g & ^^r) '^^^ satisfy the cocycle equa- 
tion Uif = Y-^g, then the equation has a common solution p G ^[t,r) with 
the estimate \\p\\ < CII5II2. 

7.4. Proof of Proposition 17.11 Proof of ^ Again, from the discussion 
in Section 16.51 we get that the cocycle equation Uif = Y^g has solution 
p E: H hy using Lemma 17.41 Since H has no-nontrivial M^-invariant 
vectors (§1 is defined in proof of Lemma I7.3p , by Corollary 16.101 we have 

||p||§i,s < C'sllfiflls+e, Vs > 0. 

Since Y^p = f, for any n G N we have 

L I'll ^ II i-ii 

n-1- 

Let §2 denote the subgroup ( c d U2 ) , where ( ^ ^ 1 ^ 5'L(2,]R) and 




"1\ ^ ©2 
U2 



€ M^. By Remark US] and Corollary [610] we have 
IIpIIsi.s < CslblU+e, Vs > 0. 



Since the Lie algebras of Si, §2 and one-parameter subgroup {tl2}teK cover 
the Lie algebra of {SL{2,R) k M^) ^ ]^3^ 

using Theorem 13.61 we get the 

claim. 

Proof of ([2]) The discussion in Section 16.51 allows us to reduce our analysis 
of cocycle equations to each irreducible component {Ilt,r, ^t,r) that appears 
in Ti. Using relations in (j4.2p we get 

2 



-dyft,r ■ X = Uift,r = U2gt,r = U2Yiht,r = -X V-lS^/lt,,.. 

Taking Fourier transformation on factor z as in ([2]) of Lemma 16.71 to each 
side of the above equation, we get 

(7.2) -dyft,r{x^ - x = -x^ht,r{x, y, ■ 

Noting that 

{Y2h)t^^ = -ht,r ■ yV^ and iY^h)^^^ = -ht,r ■ y^ 

are both in L^(]R^), along the same lines as that of ^ and ([3]) of Lemma 
\6.1\ from (|7.2p we have 

• / ht^rdy = for almost all (x, ^) G M^, 

• k{x, y, = h,r(.x, c + y, ^)dc G L"^' 



50 



COHOMOLOGICAL EQUATION AND COCYCLE RIGIDITY 



Comparing relations ()4.ip and (14 .21) , analogous to ()6.12p we have 

dxdx o + dydy o 

= -{YiX + Y2Vf - 12Y^ + Wi{YiX + Y2V) - V'^yI. 

Recall Definition 16.61 Now in exactly the same manner as the proof in the 
first part of Lemma 16.81 we have 

(1) {dyht^r ■ x^)z e C°(M2) for almost all z G M, 

(2) ht^y. • y — )• as y — )• 00 for almost all (x, z) € M^, 
which implies that 

Vxik^f^) = Yxht.T = 9t,r- 
Taking inverse Fourier transformation, we get 

UlPt,r = gt,r, 

where pt^r = ^\/— T S Mt^r- Using the cocycle equation we see that 

Ulft,r = U2gt,r = U2UiPt,r = UiU2Pt,r, 

which implies that U2Pt,r = ft,r by Remark 14.31 Proposition 14.51 and Howe- 
moore. Then we get a common solution pt^r- Since 11 |§2 has no-nontrivial 
M^-invariant vectors, by Corollary 16.101 we have 

\\Pt,r\\ < C\\g\\6. 

In exactly the same manner as that of we get a global solution p & T-L 
to the cocycle equation which satisfies the estimates as claimed. 

8. Proof of Theorem 12.31 

Proof of ([1]) Since the Weyl group operates simply transitive on the 
set of Weyl chambers, we may assume that the pair Uij and are 111^2 and 
U3^4. Let S be the closed subgroup generated by C/i,2i ^^2,i> f^i,3i t^2,3) t^i,4 
C/2,4 and Then S is isomorphic to the group (S'L(2,M) ix R^) k M^, 

where the action of SL(2, M) ix M? on is as defined in Section [4.31 Thanks 
to Howe-moore again, we can apply ^ of Proposition 17.11 to vr l^, which 
states that there exists a commom solution h ^ H to the cocycle equation 
111^2/ = ^3^4^. Finally, the Sobolev estimates of p follow immediately from 
Theorem 12.11 

Proof of If Um,i = Uk^e, then we can assume the pair are Ui_2 and Ui^3, 
the cocycle equation is Ui^2/ = Ui^^g and g = Ui^sp. Smoothness of p follows 
from Theorem 12.11 Recall Definition 16.121 Then Howe-moore shows that 
we can apply Lemma 16.151 to vr | which shows that there is a commom 
solution h G 7i to the cocycle equation ui,2/ = Ui^sg. 

If Um,i / Uk/, we can assume the triple are Uij = Ui^2, Uk/ = Ui_3 and 
Um,i = Ui^4; or are Uij = Ui^2 and Uk/ = U3^2 and Um,i = U4_2- For the former 
case, let Si be the closed subgroup generated by C/1,2, f^2,i) C^i,3) f^2,3) C^i,4 
C/2,4 and f/3,4; for the latter one, let Si be the closed subgroup generated 
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by Ui^2, U2,i, U3^2i f^3,i) f^4,i f4,2 and U^^^. Then the remaining steps are 
exactly the same as that in ([T]) by changing S to and changing ([T]) of 
Proposition 17.11 to ([2]) of Proposition I7.1[ 

9. Proof of Theorem 12.21 

9.1. Dual representations of SL{2,M.) xM^. In Lemma l^Tl by the change 
of variable (x, A) = (x, x~^y) we have the models Tit = L'^{M?, \x\dxdX). The 
group action is defined by 

pt : SL{2,R) X ^ I3{nt) 

-ex + aXx - 



dx — bXx 



where {g,v) = {{^ l) ] ) ^ SL{2,R) x M^. Computing derived 



C d / ' \V2. 

representations, we get 

X = -xdx + 2Xdx, V = -dx, Y\ = -xXV^ 
(9.1) Y2 = xyf^, U = tx-'^yf^ - Xxd^ + X^dx- 

Taking the Fourier transformation on factor A, we get the dual the dual 
models Ht = L^(]R^, \ x\dxdy), and the group action is defined by 

ft ■■ SL{2,R) X ]R2 ^ B{%) 
%{v)f{x,y) = / (pt{v)f{x,X))e-'y'^dX, 



'2tt 

%{9)f{x,y) = / {pt{g)f{x,X))e''y^dX, 

where /(x, A) = ^ /jj /(x, y)e'y^dy. 

Computing derived representations, we get 

X = -21 - xdx - 2ydy, Yi=xdy, 

Y2 = xV^, V = -yV^ 

(9.2) U = tx-'^^T-i - xd^dyy/^ - 2dyV^ - ydydyV^. 

9.2. Solvability in the dual models. Denote by dp{x) = \x\dx. Recall 
Definition I 



Corollary 9.1. For any irreducible component {pt, Tit) of SL{2,M.) x we 
have 

(1) if 9 ^ T^T '^'^^ lM.9ix^ ■^)dX = for almost all x G M. (with respect 
to p), then the cohomological equation Vf = ¥29 has a solution 
f G T-L'^ satisfying 

< Cs||fif||s+7, Vs>0. 
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(2) Suppose g £ Tit and Yig £ Tit- If the cohomological equation Vf = g 
has a solution f £ %, then J^g{x, X)dX = for almost all x G M 
(with respect to fj,). 

(3) if g £ and liiTij^^j^o 9['^i y) = fof almost allx ^M. (with respect 
to fi), then the cohomological equation Vf = Y2g has a solution 

f G (^)f satisfying 

||/IU<C,||5|U+7, Vs>0. 

(4) Suppose g £ {T~L)t and Yig G (T~{-)t- If the cohomological equation 

Vf = g has a solution f £ Tit, then liniy^Q g{x,y) = for almost 
all X £M (with respect to fj,). 

Proof. ^ and ([2]) is a direct consequence of ([7]) of Theorem 17.11 and ([2]) of 
Lemma l6.7[ Let 

9{xA) = / 9ix,y)e'y^dy 

for any g £ Ht. (P) of Lemma (j6.7p implies that HYig G Ht, then there exists 
a fuh measure set Ug (with respect to fi) such that gx G L"'^(M) for all x G Ug. 
Hence for all x £ Ug, gx is a continuous function over M and gxiy) = / ElxdX; 
moreover, for any x £ Ug, J (jxdX = if and only if gx{0) = 0. Then the 
claim is a direct consequence of ([T|) and ([2]). □ 

We now make a slight digression to prove an important lemma which is 
important for the sequel. 

Lemma 9.2. For any dual irreducible component {pt, Tit) of SL{2,R) xM^, 
ifg£ {%f, then 

(1) for almost a// x G M (with respect to the measure fi) 

WiYigUco < C\\iYig)xh2iu)+C\\(Y,Y2g)x\\LHR), 

(2) {Y2g)y^ — )■ {Y2g)y as yi ^ y in L^(]R, dp) for any y G M with respect 
to the norm topology. 

Proof. Proof of ^ Using relations in (|9.ip we get 

(9.3) dy{Yig) = Y2iYig)^. 

Then there exists a full measure set 17^ C M (with respect to dp) such that 
iY2 9)x e ^^(I^) and {dy{Y.^g)) _^£ L^{R) for any x G ilg. Further, by using 
Sobolev embedding theorem and ()9.3p . for all x £ ilg we have 

UYigUco < C\\iYig)x\\mR) + C\\{dyiYig))jL2^^) 

(9.4) = C||(y|5)x||L2(R) + C\\iY,Y2g)x\\LHm' 
which proves the claim. 
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Proof of ^ It follows from ([93]) that 

\m9)y{x)\\ 

L2(R,d^t(x)) 

= / \iYig){x,y)\^dfiix) < f \\iYigUlodf,ix) 

<2C/ \iYig){x,y)\^dydfiix) + 2C f \iY2Yig)ix,y)\^dydf,ix) 
Jr Jr 

(9.5) 2C\\Yiff + 2C\\Y2Y,f\\^ 

(jOl) shows that 

{y2f)yi{x)^{Yif)y(.x), asyi^y 

for any x G Qg. Let 

h{x) = C\\{YigU\L2(^^) + C\\{YiY2g) x\\l'2(R)- 

Then (*) and (**) in (19. Sp show that h G L^(IR, ^). Hence the conclusion 
follows directly from dominant convergence theorem. □ 

9.3. Direct integrals with respect to {exp{tV)}t£R- For any unitary 
representation (vr,^) of 5L(2,M) ix M? without non-trivial M^-invariant vec- 
tors, we have a direct direct integral decomposition: v = vtdv{t) for 

any v G Ti, where vt G Tit and is a Borel measure on M. Note that 

Tit = L'^{M?,d^{x)dy) for each t G M and d^{x) = \x\dx. From the discus- 
sion in Section [3?H we see that 

n = L^(R,L'^{R'^,dn{x)dy),diy). 

Let 

n = L^(M.^,C,dndydu) and ft = L^(%L^{M^ ,C,diidu),dy). 

We define a unitary representations {Tt,1i) and {Tt,T-L) of {exp{tV)}t£R as 
follows: 

Tt{eMtV)){ J fydy) = J fy e-y^dy and 

7f(exp(ty))5(x,y,t) = g{x,y,t) ■ e~^^ 
An argument similar to the one in Section [7.21 shows that the maps 

L^{R^,C,dfidydu) A L'^[R, L'^{R'^ ,C,dtidy),di^) 
h{x,y,t) / J='{t)dt 

JR 

where F{h){t){x^y) = h{x,y,t), and 

L^{R?,C,dndydv) ^ L^{R,L^{R? X:dndv),dy) 
h{x,y,t) / Ti{y)dy 

JR 
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where Fi{h){y){x,t) = h{x,y,t) for any h G L^{W^ ,C,d^dydv) are unitary 
isomorphisms over {exp(ty)}jgK. Hence (vr,^) and (tt,?^) are unitarily 
equivalent over {exp(tF)}(g]K. 

We are now in a position to proceed with the proof of Theorem I2.2[ 

9.4. Proof of Theorem 12. 2L In the proof we assume that Ujj = Ui.2 since 
the Weyl group acts simply transitive on all the one parameter subgroups 

Proof of ([T]) Note that G3 is isomorphic to 5L(2,]R) x and vr has no 
M^-invariant vectors by Howe-moore. Then the claim is a direct consequence 
of the discussion in Section 19.31 and Remark 13.101 

Proof of ([2]) Note that Uk/ G -E'1.2 if and only if there exists 3 < m < n such 
that Ufc^£ = Ui^m or Uk^i = Um,2- Without loss of generality, we assume that 
Ufc/ = Ui_3. We restrict ourselves to the subrepresentation (vr Ig^, 'H). Recall 
Definition 16.121 Using arguments in Section [9.31 for any h £ T-L we can write 
h = J hydy where hy{x, t) = h{x, y, t) for some h G L^(M'^, C, dfi{x)dydi'{t)) . 

For almost all G (with respect to the measure dfj,{x)dh'{t)), it 

follows from ([1]) of Lemma 19.21 that 

\i4,39)yiix,t)\ < \\iW^)t{x,-)\\c° 
(9.6) < C\\{^)t{x, •)||l2(k) + C\\{u2,3Ui,3g)tix, ■)\\lHr)- 

Set g(x,t) = ||(u?_35)t(x,-)||L2(M) + ||(u2,3Ui,35)t(2;, •)IIl2(ir). Then 

/ q{x,tfdii{x)du{t)<2[ {[ \(^g){x,y,t)\^dy)dix{x)du{t) 
JR2 Jr2 

+ 2 I (( \{W^uT^){x,y,t)\'^dy)dn{x)dv{t) 

^ 2||u^_3g||2,2(]R3^C,dK) + 2||U2,3Ul,35llL2(K3_c,dK) 
= 2{\\x\^gf + ||U2,3Ui,39f ) 

<2||5||i 

where dn, = d^{x)dydv{t). Hence q{x,t) G L^(M^, C, dfi{x)du{t)). Now 
noting that ([2]) of Lemma 19.21 implies that for almost all (x, t) G (with 
respect to the measure d^{x)dv{t)), 

{A,39)yi{x,t) = {u\^g)t{x,yi) {uj:^g)t{x,y) = (u?35)y(x,t) 

as yi —7- y. By using dominant convergence theorem, we see that 

{ul39)yAx,t) (.ul39)y{x,t), 

as 2/1 — )• y in L'^(M? ,C, dfj,{x)di'). Immediately, we find that the function 
y ~^ ||9'y|li2(R2 dfi{x)du) continuous on R. Then the claim follows directly 
from Lemma 16.31 and Remark 13.101 



COHOMOLOGICAL EQUATION AND COCYCLE RIGIDITY 



55 



Proof of ([3]) Arguments in the previous part shows that without loss of 
generahty, we just need to prove that hm^^-^o ^1,2 (uf 35) (x) = 0. Again, we 
will focus on the subrepresentation (vr l^g, 7^). Since / is the solution of 
the cohomological equation ui,2/ = g, f is smooth from ([T]) of Theorem 12. II 
Then uf 3/ satisfies the equation Ui^2Ui 3/ = uf ^g. Similar to the previous 

case, we write uf 35 = Jiul^^gjydy where (uf 35)y(x,t) = (ul^^g){x,y,t) and 
(uf 35) G L'^{M? ,C,dii{x)dydu{t)). Then (g]) of Corollary [O shows that for 
almost all (x,t) G (with respect to the measure dfj,{x)du{t)) 

(9.7) lim(u? 35)j,(a;, t) = lini(uf 35)t(x, y) = 

By earlier arguments in we see that {ul ^g)y{x,t) — )• as y — )• in 
L'^{R'^X,dn{x)dL'), which proves the claim. 

Proof of dH) Without loss of generality, we just need to prove the claim 
for the pair ui^3 and U2,4. We also assume notations in ([3]). Using subrep- 
resentation (vr |g3, Ti), the assumption means that for almost all (x,t) G M? 
(with respect to the measure d^{x)dv{t)) \vaiy^Q{u\ ^g)y{x,t) = 0. By using 
(j9.7p and ([3]) of Corollary 19.11 we see that the equation Ui^2/ = ^1^351 has a 
solution f £ Ti. Similarly, by using subrepresentation (vr \h^, H), we get a 
solution k £ Ti for the equation Ui^2^ = 112,45. The smoothness of k and / 
follow from Theorem 12.11 Then 

Ul,3Ul,2^ = Ui,3U2,45 = U2,4Ul,35 = U2,4Ul,2/, 

which implies k and / satisfy the cocycle equation 

(9.8) Ui,3A: = U2,4/ 

thanks to Howe-moore. By Theorem 12.31 there exists h G T-L"^ satisfying 

112,4/1 = k and Ui^^h = f. 
Substituting the relations into ()9.8p . we get the equation 

Ul,2U2,4/i = U2,45'- 

By Howe-moore again, we find that 111,2/1 = g- Thus we finish the proof. 

10. Proof of Theorem 12.61 

The proof is standard and similar arguments appeared in |13] . |16j and 
|29j . Let /3 be a cocycle over the V-action on G/T. Restricted to the U- 
action on G/T, /3 is also a cocycle. Then it follows from the result in ([T| 
that there is a smooth transfer function p that satisfies 

/3(n, x) = p{u • x) + c{u) — p{x) 

for any u G U and x G G/T, where c : C/ — >■ C is a constant cocycle. For any 
V gV, let 

13* {v, x) = j3{v, x) — p{v ■ x) + p{x). 
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Using the definition of cocycle, we see tfiat /?* is also a cocycle over F-action. 
Then 

P*{v,x) = P*{uv,x) — P*{u,v ■ x) = j3*{vu,x) — P*{u,v ■ x) 
= (3*{v,u ■ x) + P* (n, x) — P*{u,v ■ x) 
= P*{v, u ■ x) 

is a [/-invariant smooth function on G/T for every v £ V. By Howe-moore, 
it is constant. Therefore, setting (^{v) = P{v,x) — p{v ■ x) +p{x), we have 
shown that p satisfies 

/3{v, x) — p{v • x) + p{x) = c{v) 
for all t; G F and x G G/T. It is clear that c' = c on U . 
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